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Abstract

We construct a pairing on the dual Selmer group over false Tate curve extensions of an el-
liptic curve with good ordinary reduction at a prime p � 5. This gives a functional equation
of the characteristic element which is compatible with the conjectural functional equation
of the p-adic L-function. As an application we compute the characteristic elements of those
modules – arising naturally in the Iwasawa-theory for elliptic curves over the false Tate curve
extension – which have rank 1 over the subgroup of the Galois group fixing the cyclotomic
extension of the ground field. We also show that the example of a non-principal reflexive
left ideal of the Iwasawa algebra does not rule out the possibility that all torsion Iwasawa-
modules are pseudo-isomorphic to the direct sum of quotients of the algebra by principal
ideals.

1. Introduction

The main conjectures in Iwasawa theory usually state that there exists a p-adic L-function
for the elliptic curve over a p-adic Lie extension of Q which interpolates the special values
of the complex L-functions of the elliptic curve twisted by Artin representations of the
Galois group, it is a characteristic element for the dual of the Selmer group, and it satisfies
a functional equation in some sense. These are the only tools known at present for studying
the rather mysterious relationship between the algebraic or arithmetic properties of elliptic
curves and the special values of their complex L-functions, especially for attacking the con-
jecture of Birch and Swinnerton–Dyer. The p-adic L-function in the false Tate curve case
(and also in the GL2-case) lies in the algebraic K1-group of �(G)S∗ , the Iwasawa algebra
of the Galois group localized by a canonical Ore set defined in [4] (see also Section 3·2).
In this paper we will investigate this conjecture mainly from its algebraic side, however, in
Section 7 we will see the compatibility of the results with the analytic theory.

In Section 4 we investigate the integrality properties of characteristic elements. In Sec-
tion 5 we construct a canonical characteristic element for pseudo-null �(G)-modules. These
canonical characteristic elements are ‘positive’ in the sense they reduce to 1 ∈ Fp modulo
the Jacobson radical of the Iwasawa algebra and so they do not influence the sign in any
functional equation in K1(�(G)S∗) involving them. This fact allows us to prove a formula
for the sign in the algebraic functional equation of an arbitrary element in the K1-group of
the localized Iwasawa algebra �(G)S∗ in terms of the �(H)-rank of the defined module
whenever such an equation exists.
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The aim of the following sections is to investigate the conjectural functional equation
of the p-adic L-function from both the algebraic and analytic side. The heuristics for the
existence of this functional equation is the following. The p-adic L-function LE conjectur-
ally approximates a certain modification (see Conjecture 7·1 for precise terms) of the special
values L(E, τ, 1) of the complex L-functions of the elliptic curve twisted by Artin represent-
ations τ when we substitute the contragredient representation τ ∗ into it. Moreover, we have
a conjectural functional equation of the complex L-function relating the L-values L(E, τ, s)
and L(E, τ ∗, 2 − s) (see Section 2·4 for precise statements). As LE(τ ∗) and LE(τ ) approx-
imate the modification of L(E, τ, 1) and L(E, τ ∗, 1), respectively, we can relate LE(τ ∗) and
LE(τ ). Now if we define L#

E to be the element we get from LE by replacing elements of G
with their inverses then LE(τ ) = L#

E(τ ∗) is a tautology. So we get an equation involving
the values of LE and L#

E at arbitrary Artin representations τ ∗. This can actually be thought
of as the functional equation of the values of the p-adic L-function, therefore we can also
predict a functional equation for the p-adic L-function itself. Now the Main Conjecture of
Iwasawa theory states that the p-adic L-function is a characteristic element for the dual
of the Selmer group over the false Tate curve extension. This means that we also expect a
‘functional equation’ on the stage of modules in MH (G) relating the dual Selmer X (E/F∞)

and its opposite module X (E/F∞)#. This can actually be proved without using the Main
Conjecture or the functional equation of the p-adic L-function. More precisely, in Section 6
we construct a pairing over the false Tate curve extension on the dual of the p-Selmer group
whenever the elliptic curve has good ordinary reduction at the prime p � 5 and the dual
Selmer X (E/F∞) is in the category MH (G). This pairing is actually a map from X (E/F∞)

to the first extension group of X (E/F∞)# with the Iwasawa algebra �(G). The methods
used are similar to Perrin–Riou’s [21]. We take the projective limit of maps defined by the
Cassels–Tate pairing. As a corollary we prove an algebraic functional equation for the char-
acteristic element which coincides with the conjectural functional equation of the p-adic
L-function (see Section 7 for details). This is a good evidence for both the Main Conjecture
and the conjectural functional equation of the p-adic L-function.

In the remaining part of this paper we compute the characteristic elements of some mod-
ules in the category MH (G) (see definition in Section 3·2) arising naturally in Iwasawa
theory for elliptic curves [3, 11] when G is the semidirect product of two copies of Zp, or –
in case the Galois group is down to Q – isomorphic to Zp �Z×

p . In Section 8 the Heegner-like
cases are the first examples of elliptic curves whose characteristic elements in K1(�(G)S∗)

can be determined. We call the two cases in Proposition 8·2 Heegner-like because the upper
bound for the algebraic rank of the elliptic curve in the finite subfields of the false Tate curve
extension is the same as the lower bound for the analytic rank which fact makes these cases
similar to the ones when Heegner points can be constructed. In fact, Darmon and Tian [8]
have some results towards constructing Heegner points in this case, as well.

The assumption we made for the whole paper that the dual of the Selmer group X (E/F∞)

always lies in MH (G) is also conjectured [4] if the elliptic curve E has good ordinary reduc-
tion at the prime p � 5. In fact if the dual Selmer X (E/K cyc) over the cyclotomic extension
of the ground field K is finitely generated over Zp, which is equivalent to the assumption that
its μ-invariant vanishes, we do know that X (E/F∞) is in MH (G), moreover its p-torsion
part is trivial [17].

As an application of the investigations of rank-1 Iwasawa-modules, in Section 9 we show
that the example of a non-principal reflexive left ideal of the Iwasawa algebra does not rule
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out the possibility that all torsion �(G)-modules are pseudo-isomorphic to the direct sum
of quotients of �(G) by principal ideals.

Throughout the paper all modules are assumed to be left modules, unless otherwise stated.

2. Analytic preliminaries and notations

2·1. The false Tate curve extension

Let p � 5 be a prime and m be a p-power free integer, ie. not divisible by the pth power
of any integer. Let E denote an elliptic curve over Q with good ordinary reduction at p and
such that E does not have additive reduction at any prime q dividing m. Furthermore, let us
denote by:

(i) K = Q(μp);

(ii) Kn = Q(μpn );

(iii) Fn = Q(μpn , pn√m)

the finite layers of the false Tate curve extension F∞ = ⋃∞
n=1 Fn . We denote the Galois

group of the following extensions by:

(i) G = Gal(F∞/K )�Zp � Zp;

(ii) G0 = Gal(F∞/Q)�Zp � Z×
p ;

(iii) � = Gal(K cyc/K )�Zp;

(iv) �Q = Gal(Qcyc/Q)�Zp;

(v) �0 = Gal(Q(μp∞)/Q)�Z×
p ;

(vi) H = Gal(F∞/K cyc)�Zp;

(vii) H0 = Gal(F∞/Qcyc)�Zp � F×
p ;

(viii) Gn = Gal(F∞/Fn);

(ix) �n = Gal(Fcyc
n /Fn);

(x) Hn = Gal(F∞/Fcyc
n ).

If v is a prime in the ground field L2 of a Galois extension then we denote by Gal(L1/L2)v

the decomposition subgroup of v (we choose once and for all fixed embeddings Q ↪→ Qp

and Q ↪→ C). I (L1/L2)v is the inertia subgroup and Frobv is the arithmetic Frobenius
element.

For an abelian group A we denote by A(p) the p-primary part of A.

2·2. Systems of l-adic representations

If E/k is an elliptic curve defined over a number field k and τ : Gal(Q/k) → GLn(Q) is
an Artin representation then both of them determine a compatible system of l-adic repres-
entations for primes l of Q. In case of τ the l-adic representation is Ml(τ ) := τ ⊗ Ql . The
l-adic representation of the elliptic curve is Ml(E) := H 1

et(E, Zl) ⊗Zl Ql or, equivalently,
the dual of the l-adic Tate module Tl(E) with scalars extended to Ql . Further, we define the
system of l-adic representations M of the elliptic curve twisted by the Artin representations

Ml(E, τ ) := Ml(E) ⊗Ql
Ml(τ ). (2·1)
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2·3. L-functions

To a system of l-adic representations and a number field k we associate an L-function
L(M, k, s) as follows. For a prime v of k the local polynomials of L(M, k, s) are

Pv(M, T ) := det
(
1 − Frob−1

v T
∣∣M Iv

l

)
(2·2)

for any prime l � q. We define the local L-factor

Lv(M, s) := Pv(M, Nk/Q(v)−s)−1 (2·3)

and the global L-function as an Euler-product

L(M, s) :=
∏

v

Lv(M, s). (2·4)

We write

L(E/k, s) := L(M(E), k, s), L(τ, s) := L(M(τ ), k, s), L(E, τ, s) := L(M(E, τ ), k, s).

(2·5)

The L-series L(τ, s) converges to an analytic function on the half plane Rs > 1. The L-
series L(E/k, s) and L(E, τ, s) define analytic functions in the half plane Rs > 3/2. If
k = Q and τ factors through a false Tate curve extension then L(E, τ, s) has an analytic
continuation and satisfies a functional equation [10]. We define

gE/k = rkZ(E(k)), rE/k = ords=1(L(E/k, s)). (2·6)

The conjecture of Birch and Swinnerton–Dyer predicts that gE/k = rE/k always holds.
Let us recall that the L-functions are multiplicative in the sense that

L(E, τ1 ⊕ τ2) = L(E, τ1)L(E, τ2). (2·7)

2·4. Functional equations of complex L-functions

For the sake of simplicity let k = Q. The twisted L-functions L(E, τ, s) conjecturally
satisfy a functional equation of the following form. Let

L̂(E, τ, s) :=
(

N (E, τ )

π2 dim τ

)s/2

�

(
s

2

)dim τ

�

(
s + 1

2

)dim τ

L(E, τ, s), (2·8)

where N (E, τ ) is the conductor of the curve E twisted by τ . Then, conjecturally,

L̂(E, τ, s) = w(E, τ )L̂(E, τ ∗, 2 − s), (2·9)

where τ ∗ denotes the contragredient representation of τ and w(E, τ ) is an algebraic number
of complex absolute value 1. If τ � τ ∗, then w(E, τ ) = ±1 and we call it the sign in the
functional equation.

3. Algebraic preliminaries and notations

3·1. The dual Selmer and the Iwasawa algebra

If L ⊆ F∞ is any Galois extension of Q (later usually L = kcyc, or L = k where k is
a number field, or L = F∞) then we define X (E/L) as the Pontryagin dual of the Selmer
group,

X (E/L) = Hom(Selp∞(E/L), Qp/Zp). (3·1)
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If k is a number field, then tE/k,p denotes the Zp-rank of X (E/k). Let Y (E/L) be the
factor of X (E/L) by its p-primary part. Then X (E/F∞) – and also Y (E/F∞) – is a finitely
generated compact (left) module over the Iwasawa algebra �(G), where for any profinite
group G the Iwasawa algebra of G with coefficients in Zp is

�(G) = lim←−−
N�oG

Zp[G/N ]. (3·2)

We denote the Iwasawa algebra with coefficients in Fp – an epimorphic image of the previ-
ous one – by

�(G) = lim←−−
N�oG

Fp[G/N ]. (3·3)

For a fixed topological generator γ of � we choose a lift γ̃ ∈ G, put Y = γ̃ − 1, X = h − 1
if h is a fixed topological generator of H and identify �(G) with the skew power series ring
[23]

�(G)�Zp[[X ]][[Y ; σ, δ]], (3·4)

where σ is the ring automorphism induced by

X �−→ (X + 1)χ(γ ) − 1, (3·5)

δ = σ − 1 a σ -derivation, and χ is the cyclotomic character. We also identify �(�) with
Zp[[T ]] where the natural surjection from �(G) to �(�) sends Y to T .

3·2. K-theory and localization

Let S be the set of all f in �(G) such that �(G)/�(G) f is a finitely generated �(H)-
module and

S∗ =
⋃
n�0

pn S. (3·6)

These are multiplicatively closed (left and right) Ore sets of �(G) [4], so we can define
�(G)S , �(G)S∗ as the localizations of �(G) at S and S∗. We write MH (G) for the cat-
egory of all finitely generated �(G)-modules, which are S∗-torsion. A finitely generated left
module M is in MH (G) if and only if M/M(p) is finitely generated over �(H) [4]. It is
conjectured that X (E/F∞) always lies in this category. For a module M in MH (G) one can
define a characteristic element in the first K -group K1(�(G)S∗) [4]. It is a pre-image of the
class of M under the connecting homomorphism

∂G : K1(�(G)S∗) −→ K0(MH (G)) (3·7)

in the long exact sequence of localization in K -theory

· · · −→ K1(�(G)) −→ K1(�(G)S∗)
∂G−→ K0(MH (G)) −→ K0(�(G))

−→ K0(�(G)S∗) −→ 0, (3·8)

where K0(MH (G)) denotes the Grothendieck group of the category MH (G). This defini-
tion makes sense because the connecting homomorphism ∂G is surjective [4]. Further, if we
denote by NH (G) the category of �(G)-modules which are finitely generated over �(H),
then we get a similar exact sequence

· · · −→ K1(�(G)) −→ K1(�(G)S)
∂G−→ K0(NH (G)) −→ K0(�(G))

−→ K0(�(G)S) −→ 0. (3·9)
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As defined in [3] there is a C2-action, ie. the group of order 2, on the localized K1-group
induced by the anti-isomorphism # of �(G) and its opposite ring �(G)# which sends the
elements of G to their inverse. Recall that this action on an [A] ∈ K1(�(G)S∗) represented
by a matrix A ∈ GLn(�(G)S∗) (for some positive integer n) is defined by applying # on
each entries of the matrix A and transposing the matrix in order to get a homomorphism
from GLn(�(G)S∗) to its opposite group. This definition makes sense and is well-defined on
K1(�(G)S∗), since the sets S and S∗ are invariant under the action of # on �(G).

Further, if M is a left �(G)-module, then by M# we denote the right module defined on
the same underlying set with the action of �(G) via the map #, ie. for an m element in M
and g in G, m#g = (g−1m)#.

Now if we restrict ourselves to modules in NH (G), then we can define another action on
the characteristic elements in the following way. Let R be the set of formal power series in
Zp[[X ]] = �(H) which are invariant under the action of γ up to multiplication by units,
i,e.

R = {r(X) ∈ Zp[[X ]] | r(X)1−γ ∈ Zp[[X ]]×}. (3·10)

LEMMA 3·1. R is a canonical (left and right) Ore set in �(G)S as well as in �(H).

Proof. The statement is trivial for the ring �(H). So it suffices to prove that for elements
r(X) ∈ R, and s ∈ �(G)S we have that sr is divisible by r from the left, as well. Indeed,
since this assumption is true for s = γ by the definition of R, it is also true for any element
s in �(G) by linearity and continuicity of sr in the variable s. Now if we have s−1r with s
in S then similarly we can choose an x in �(G) such that r x = sr . Moreover, x will in fact
be in S. This follows from the description of elements in S, namely that a skew power series
in �(G) lies in S if and only if it is a distinguished skew polynomial in the variable Y up to
an invertible element. (We call a polynomial distinguished if its leading coefficient is a unit,
and all the other coefficients are in the maximal ideal of the coefficient ring.) So we may
assume that s is a distinguished polynomial. Now the leading coefficient of x is a unit times
the leading coefficient of s and all the other coefficients differ by elements of the maximal
ideal of �(H) because of the formula

r−1Yr = r γ−1Y + r γ−1 − 1. (3·11)

Therefore x is in S and s−1r = r x−1 makes sense in the localized ring �(G)S , so the Lemma
follows.

Because of the above lemma we can localize by R and get rings �(G)S,R , and �(H)R .
Now there is a canonical inclusion of the multiplicative groups

(�(G)S)
× ↪→ (�(G)S,R)× and (3·12)

(�(H)R)× ↪→ (�(G)S,R)×. (3·13)

The elements in the image of (�(H)R)× are contained in the normalizer of the subgroup
(�(G)S)

× by the definition of R. Moreover, K1(�(G)S) is the abelianization of the latter
subgroup [22], so there is an action of (�(H)R)× on the K1-group, since the commutator is
a characteristic subgroup. We will see in Section 5 that the conjugation of the characteristic
element by an element in (�(H)R)× corresponds to a pseudo-isomorphism of modules as
the quotient of the characteristic elements is a commutator and by Proposition 5·2 these
commutators correspond to pseudo-null modules. Since [19]

K0(MH (G)) = K0(NH (G)) ⊕ Z, (3·14)
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we can extend this action on the characteristic elements to K1(�(G)S∗) by acting trivially
on the p-part of the characteristic elements so that the action still corresponds to pseudo-
isomorphism of modules.

We also define the similar notions for G and H replaced by G0 and H0, respectively.

3·3. Galois representations and twists

As in [4], let O denote the ring of integers of some finite extension L of Qp, and let us
assume that we are given a continuous homomorphism

ρ : G −→ GLn(O) (3·15)

where n � 1 is an integer. If M is a finitely generated �(G)-module, put MO = M ⊗Zp O ,
and define the twist of M with ρ by

twρ(M) = MO ⊗O On. (3·16)

We endow twρ(M) with the diagonal action of G, ie. if g is in G, g(m ⊗ z) = (gm) ⊗
(gz), where it is understood that G acts on On on the left via the homomorphism ρ. By
compactness, this left action of G extends to an action of the whole Iwasawa algebra �(G).

As explained in [4] ρ induces a homomorphism

�′
ρ : K1(�(G)S∗) −→ K1(Mn(QO(�))) = QO(�)×, (3·17)

where QO(�) denotes the field of fractions of �O(�) = �(�) ⊗Zp O . Let ϕ : �O(�) → O
denote the augmentation map, and write p = Ker(ϕ). Writing �O(�)p ⊂ QO(�) for the
localization of �O(�) at p, ϕ extends to a homomorphism

ϕ : �O(�)p −→ L , (3·18)

and for ξ ∈ K1(MH (G)) we define ξ(ρ) = ϕ(�′
ρ(ξ)) if �′

ρ(ξ) belongs to �O(�)p, and
ξ(ρ) = ∞ otherwise.

4. Integrality properties of characteristic elements

It follows from the results in Section 8 that the characteristic element of X (E/F∞) is
integral in the sense that it is in the image of the natural morphism

�(G) � (�(G)S∗)× −→ K1(�(G)S∗) (4·1)

in those Heegner-like cases and in fact this is true for all �(H)-torsion free modules of rank
1 (compare to [4, conjecture 4·8]). Since the map

(�(G)S)
×/[(�(G)S)

×, (�(G)S)
×] −→ K1(�(G)S) (4·2)

is an isomorphism [22], and the characteristic element can be induced from K1(�(G)S)

when the module has no p-torsion, one would expect that (4·1) was true in general. A slightly
weaker statement can be proved in general for modules X (E/F∞) with �(H)-rank greater
than 1, if the μ-invariant of X (E/K cyc) vanishes.

LEMMA 4·1. If M is a left �(G)-module and a finite index submodule of �(H)d as a
�(H)-module then the action of G can be extended from M to �(H)d . In other words M
is a finite index �(G)-submodule of a module which is isomorphic to �(H)d as a �(H)-
module.
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Proof. Let γ̃ be a lift of the topological generator γ ∈ �. Note that it is sufficient to extend
the action of γ̃ . Let us identify �(H) with Zp[[X ]] and let {e j }d

j=1 be a �(H)-base of �(H)d .
As M is a finite index submodule, for all 1 � j � d there exist l j ’s for which pl j e j is in
M � �(H)d . So we can define a matrix A = (ai j )

d
i, j=1 with entries in p− max(l1,l2,...,ld )Zp[[X ]]

by the equations

p−l j γ̃ (pl j e j ) =
d∑

i=1

ai j ei . (4·3)

This matrix A determines the action of γ̃ on M , namely if⎛
⎜⎜⎜⎝

f1(X)

f2(X)
...

fd(X)

⎞
⎟⎟⎟⎠ ∈ M � Zp[[X ]]d then (4·4)

γ̃

⎛
⎜⎜⎜⎝

f1(X)

f2(X)
...

fd(X)

⎞
⎟⎟⎟⎠ = A

⎛
⎜⎜⎜⎝

γ̃ f1(X)γ̃ −1

γ̃ f2(X)γ̃ −1

...

γ̃ fd(X)γ̃ −1

⎞
⎟⎟⎟⎠ . (4·5)

Since M is a finite index submodule of Zp[[X ]]d , there are distinct positive integers k1 > k2

such that Xk1 − Xk2 is in M . Taking f j (X) = Xk1 − Xk2 , f j ′(X) ≡ 0 if j ′ � j for varying
1 � j � d and noting that Zp[[X ]] is a unique factorization domain, we conclude that the
entries of the matrix A are in Zp[[X ]] because γ̃ (Xk1 −Xk2)γ̃ −1 has a unit leading coefficient,
so it is not divisible by any positive integer power of p. Now the action of γ̃ can be extended
to the whole �(H)-module �(H)d by the formula (4·5) and we are done.

Remarks.
(i) In fact the matrix A cannot be arbitrary. The action of γ̃ is continuous provided that

Apn → I as n → ∞ or equivalently A has p-power order modulo the maximal ideal
of �(H).

(ii) The matrix A is determined by a �(G)-module which is free as a �(H)-module up
to conjugacy in the sense that A is equivalent to B Aγ B−1γ −1 for any B matrix in
GLd(�(H)). This gives a one-to-one correspondence between the equivalency class
of matrices and the isomorphism class of these modules. An easy consequence of
Lemma 4·1 that for modules of �(H)-rank 1 the characteristic elements are also in
one-to-one correspondence with the isomorphism classes of modules if we know a
priori that the module is free over �(H). This is not true for modules of higher rank.
For example

(Y + 1)I −
(

1 0
0 1

)
and (Y + 1)I −

(
1 p
0 1

)
(4·6)

represent the same element in K1(�(G)S∗) (their Whitehead determinant is the
same), but the matrices (

1 0
0 1

)
and

(
1 p
0 1

)
(4·7)

define non-isomorphic �(G)-modules.
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PROPOSITION 4·2. If M is in the category NH (G) with no nontrivial pseudo-null sub-
module then there exist a positive integer d and a matrix A in Zp[[X ]]d×d such that M is a
finite index submodule of the �(G)-module

�(G)d/�(G)d((Y + 1)I − A), (4·8)

where I is the identity matrix and the �(G)-submodule �(G)d((Y + 1)I − A) is defined by

�(G)d((Y + 1)I − A) := {(xt((Y + 1)I − A)t)t | x ∈ �(G)d a column vector}. (4·9)

In particular the characteristic element of M is the image of (Y +1)I − A under the natural
map

Md(�(G)) � GLd(�(G)S∗) ↪→ GLd(�(G)S∗) −→ K1(�(G)S∗). (4·10)

Proof. From Lemma 4·1 we get that the action of G can be extended to �(H)d with a
matrix A in �(H)d×d for which

γ̃

⎛
⎜⎜⎜⎝

f1(X)

f2(X)
...

fd(X)

⎞
⎟⎟⎟⎠ = A

⎛
⎜⎜⎜⎝

γ̃ f1(X)γ̃ −1

γ̃ f2(X)γ̃ −1

...

γ̃ fd(X)γ̃ −1

⎞
⎟⎟⎟⎠ . (4·11)

Now the natural embedding �(H)d ↪→ �(G)d induces a �(G)-isomorphism between
�(H)d endowed with the above action of γ̃ and the factor module �(G)d/�(G)d((Y +
1)I − A).

The following slightly more general theory of �(G)-modules gives another application of
Lemma 4·1.

LEMMA 4·3. There exists a �(H)-projective resolution of �(G)-modules which are fi-
nitely generated as �(H)-modules such that the resolution can be endowed with a com-
patible �(G)-action, so the modules are �(G)-modules and the morphisms are �(G)-
morphisms.

Proof. It is enough to prove that if M is a �(G)-module with minimal generating system
a1, a2, . . . , ad ∈ M over �(H) and

ϕ : �(H)d −→ M (4·12)

is the corresponding surjection then �(H)d can be endowed with a �(G)-action such that ϕ

becomes a �(G)-homomorphism. We can pull back the action of γ̃ from M to the base of
�(H)d by choosing any lift and since the kernel of ϕ is contained in the d-th direct power
of the maximal ideal of �(H) (it was a minimal resolution), the action can be extended
continuously to the whole �(H)d . Indeed, any lift works because the action of Y n converges
to 0 if and only if for some n the image of Y n is contained in the maximal ideal of �(H).
This means that we need the matrix of Y to be nilpotent when reducing it modulo (p, X). On
the other hand the action of Y is continuous on the factor module M and so it is continuous
if we factor out with (p, X)M , so it represents a nilpotent matrix on the Fp vector space
M/(p, X)M and we are done because M/(p, X)M � �(H)d/(p, X)�(H)d as the kernel
of ϕ is contained in (p, X)�(H)d .

PROPOSITION 4·4. If M is in the category MH (G) and has no p-torsion then the follow-
ing are equivalent:
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(i) M has no nonzero pseudo-null submodule;
(ii) M is �(H)-torsion free;

(iii) M is a finite index submodule of another �(G)-module which is free as a �(H)-
module;

(iv) the homology groups Hi(H ′, M) are trivial for all H ′ � H open subgroups, and i � 1;
Proof. The first three statements are certainly equivalent by applying Lemma 4·1 and the

general theory for �(H)-modules. To prove the direction (iii) ⇒ (iv) it is easy to see that
the third assertion holds for any free �(H)-module. Moreover, it is hereditary with respect
to submodules because of the long exact sequence of homology.

The only direction for which we need the �(G)-structure of the module M is (iv) ⇒
(ii). Let us assume indirectly that Hi (H ′, M) = 0 for all H ′ � H open subgroups, and
i � 1 and M does have a nontrivial �(H)-torsion submodule. We may suppose without
loss of generality that M itself is �(H)-torsion because the assumption remains true for any
submodule of M . Now it is easy to see that each minimal projective resolution of M as a
�(H)-module has length 1 and the maps in it are �(G)-homomorphisms by Lemma 4·3.
So it is in the form

0 −→ �(H)d A−→ �(H)d −→ M −→ 0, (4·13)

where A ∈ �(H)d×d �Zp[[X ]]d×d is a matrix. Since H1(H pn
, M) = 0 for all n � 0 we get

that A has nonzero determinant modulo the ideal generated by (X + 1)pn − 1. On the other
hand since M is nontrivial, this determinant is not a unit in Zp[[X ]], so it must have a root (in
some finite extension of Qp) which is not in the form ζ − 1 where ζ is any root of unity of
p-power order. This means, however, that the ideal in Zp[[X ]] generated by the determinant
is not invariant under the action of γ̃ by conjugation because the roots are mapped by γ̃ as

z ↪→ (z + 1)χ(γ̃ −1) − 1 (4·14)

because f (z) = 0 if and only if

f

(((
(z + 1)χ(γ̃ −1) − 1

)
+ 1

)χ(γ̃ ) − 1

)
= 0. (4·15)

This contradicts to the fact that the map A is a �(G)-homomorphism between some �(G)-
modules, since γ̃ maps a generating system over �(H) to another one and the determinant
is independent of the choice of this system.

COROLLARY 4·5. Assume that a �(G)-module M is finitely generated over �(H) and
Hi(H ′, M) vanishes for all H ′ � H open subgroups, and i � 1. Then its characteristic
element is in the form ξ = (Y + 1)I − A for some A ∈ �(H)d×d , where d is the rank of M.
Moreover, for all continuous representations of the form (3·15), ξ(ρ) is finite and in O, and
�′

ρ(ξ) is in �O(�).

5. The sign in the functional equation

In Section 6 we will see that the characteristic element of the dual Selmer X (E/F∞) satis-
fies an algebraic functional equation in the group K1(�(G)S∗). In this section we prove that
whenever such a functional equation exists for an element of the K1-group of the localized
Iwasawa algebra then the sign is determined by the �(H)-rank of the module associated to
the element in K1(�(G)S∗).
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LEMMA 5·1. An element r(X) ∈ Zp[[X ]] is in the Ore-set R if and only if its zeros are in
the form ζ − 1 where ζ is any root of unity of p-power order.

Proof. By definition r(X) is in R if and only if its zeros are permuted by γ̃ , which means
that z is a root of r exactly when so is (z + 1)χ(γ̃ −1) − 1. Now the orbit of an element in
the ring of integers of Qp is finite under this action if and only if the element is a root of
unity minus 1. Moreover, the value of a formal power series is only defined at elements of
the maximal ideal of the ring of integers, so the root of unity must be of p-power order.

PROPOSITION 5·2. M is a pseudo-null �(G)-module in the category MH (G) if and only
if its characteristic element is a product of commutators of the form [ f, r ] = f r f −1r−1

considered as elements of K1(�(G)S∗), where r is in R and f is an invertible element of
�(G)S.

Proof. Since pseudo-null p-torsion modules have trivial characteristic elements [1], we
may assume without loss of generality that M has trivial p-torsion. So M is a finitely gen-
erated torsion �(H)-module with �(H)-characteristic power series r0(X) in R, since it
acquires an action of γ̃ . By Lemma 5·1, r0(X) is in the form

r0(X) =
n∏

i=0

�pi (X)li (5·1)

where �pi is the pi th cyclotomic polynomial. Since these cyclotomic polynomials are in the
Ore-set R, the �(H)-submodule of M annihilated by one particular irreducible factor of r0

is a �(G) submodule of M . Therefore – by induction – it is enough to prove the statement
when the generator r1 | r0 of the annihilator ideal is irreducible. So let r1(X) := �pi (X) for
some i � 0. Now M is isomorphic to

n⊕
j=1

(Zp[[X ]]/�pi (X)) j (5·2)

as a �(H)-module for some n, since Zp[[X ]]/�pi (X) is a principal ideal domain. This
means that as a �(G)-module it is isomorphic to N/�pi (X)N for some �(G)-module N
which is finitely generated and free over �(H) (see Lemma 4·3). This gives the required
expression for the characteristic element of M as the characteristic element of �pi (X)N is
the conjugate of the characteristic element of N by �pi (X).

COROLLARY 5·3. If M is in MH (G) then its characteristic element can be written in the
form pμG (M)ξ1ξ

−1
2 , where ξ1 and ξ2 are skew-polynomials over Zp[[X ]] of degree deg(ξ1) and

deg(ξ2) satisfying

deg(ξ1) − deg(ξ2) = rank�(H)(M/M(p)) (5·3)

in the variable Y .

Proof. The characteristic element of the p-torsion part equals pμG (M) by definition [1].
For pseudo-null modules the statement follows from Proposition 5·2. So we may assume
that M has trivial p-torsion and no nontrivial pseudo-null submodule. The statement follows
from 4·2 by taking the Whitehead determinant of the characteristic element.

For the sake of simplicity for any ring R and (left or right) R-module M put

ai
R(M) := Exti

R(M, R) (i � 0). (5·4)
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PROPOSITION 5·4. Let M be in the category MH (G). Then we have the following rela-
tion connecting the characteristic element ξM of M and the characteristic elements ξai

�(G)(M)

of ai
�(G)(M) for 1 � i � 3.

ξM =
3∏

i=1

ξ
(−1)i+1

ai
�(G)(M)

. (5·5)

Proof. Because of the long exact sequence of Ext�(G)(·, �(G)) it is enough to prove the
statement separately for p-torsion modules and modules finitely generated over �(H).

For p-torsion modules it suffices to show the statement for projective �(G)-modules. For
these modules we only have first extension groups. Furthermore, if M is a projective �(G)-
module then a1

�(G)(M)�Hom(M, �(G)) and so have the same characteristic element as M
using the formula for the characteristic element of p-torsion modules [1] (the characteristic
element is pd in this case where d is the rank of this projective �(G)-module).

For modules finitely generated over �(H) it suffices to prove the statement for �(H)-
projective modules by Lemma 4·3. The �(G)-modules which are projective as �(H)-
modules are by Proposition 4·2 in the form

�(G)d/�(G)d((Y + 1)I − A), (5·6)

where d is the �(H)-rank of the module, I is the identity matrix, and A is a matrix in
�(H)d×d . Moreover,

a1
�(G)

(
�(G)d/�(G)d((Y + 1)I − A)

)
��(G)d/((Y + 1)I − A)�(G)d (5·7)

and the higher extension groups vanish as this module has a projective �(G)-resolution of
length 1. The result follows.

THEOREM 5·5. Let us assume that M is in the category MH (G) and M is pseudo-
isomorphic to a1

�(G)(M#). Then its characteristic element ξM in K1(�(G)S∗) satisfies a func-
tional equation of the form

ξ #
M = ε(M)ξM

n∏
i=1

[ fi , ri ]ki , (5·8)

where ε(M) is an element coming from �(G)×, fi is in K1(�(G)S), ri is in the Ore-set R,
and the ki ’s are (possibly negative) integers. Moreover if we reduce ε(M) modulo the Jacob-
son radical of �(G) we get an element ε(M) in Fp (“the sign of the functional equation”)
which is −1 if the �(H)-rank of M is odd, and +1 if the rank is even.

Proof. It is enough to prove the statement for modules in K0(NH (G)) since p-torsion
modules’ characteristic elements are powers of p and they are fixed by the action of #.

The existence of the functional equation follows from the fact that two elements of
K1(�(G)S) map to the same element in K0(NH (G)) if and only if they differ by an ele-
ment in the image of K1(�(G)). Moreover, a1

�(G)(M#) is pseudo-isomorphic to M , and by
Proposition 5·4 we have

ξ #
M = ξM# =

3∏
i=1

ξ
(−1)i+1

ai
�(G)(M#)

. (5·9)

Now a2
�(G)(M#) and a3

�(G)(M#) are pseudo-null and pseudo-null modules’ characteristic
elements are products of commutators by Proposition 5·2.
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For proving the statement on the sign of the functional equation we may choose ξM in the
form ξ1ξ

−1
2 as in Corollary 5·3. Since the degree of ξ1ξ

#
2 has the same parity as the rank of

M and it satisfies the same functional equation, it is enough to prove the statement when ξM

is integral. Now we can multiply the both sides of equation (5·8) by the ”denominators” of
the commutators and get an equation of the form

ξ #
M

n1∏
i=1

(
r li,1

i,1 f ki,1

i,1 r−li,1

i,1

) n2∏
j=1

f
k j,2

j,2 = ε(M)ξM

n1∏
i=1

f ki,1

i,1

n2∏
j=1

(
r

l j,2

j,2 f
k j,2

j,2 r
−l j,2

j,2

)
, (5·10)

where ki,1’s and k j,2’s are positive integers, li,1’s and l j,2’s are +1 or −1, so all factors on both
sides are integral in the sense that they are in the image of �(G) � �(G)×

S in K1(�(G)S).
Now we can reduce (5·10) modulo the ideal generated by X and p and get an equation in
K1(Fp((Y ))) = Fp((Y ))×. Moreover, it is easy to see that(

r li,1

i,1 f ki,1

i,1 r−li,1

i,1

) ≡ f ki,1

i,1 mod (X, p) (5·11)(
r

l j,2

j,2 f
k j,2

j,2 r
−l j,2

j,2

) ≡ f
k j,2

j,2 mod (X, p) and (5·12)

ξM ≡ Y rank�(H)(M) mod (X, p). (5·13)

So the reduced functional equation is in the form(
1

1 + Y
− 1

)rank�(H)(M)

= ε̃(M)Y rank�(H)(M). (5·14)

Now if we divide both sides by Y rank�(H)(M) and reduce the equation modulo Y we get that
ε(M) = (−1)rank�(H)(M).

6. Pairings

Following the ideas of Perrin–Riou [21] in this section we construct a generalized
Cassels–Tate pairing for the dual Selmer group over the false Tate curve extension. Let E be
an elliptic curve with good ordinary reduction at the prime p � 5. Moreover, let us assume
that the dual of the Selmer group, X (E/F∞) lies in the category MH (G). The strategy is
that we take the projective limit of the homomorphisms

X
(
E/Fcyc

n

) −→ a1
�(�)

(
X

(
E/Fcyc

n

)#)
(6·1)

constructed by Perrin–Riou [21] to get a map

X (E/F∞) −→ a1
�(G)(X (E/F∞)#). (6·2)

We will show that this homomorphism is a pseudo-isomorphism, and describe the kernel
and the cokernel. This provides us with a functional equation of the characteristic element
of X (E/F∞).

6·1. Control theorems

In this section we put together the already known [17, 21] facts about the kernels and
cokernels of the homomorphisms

H0(X (E/F∞), Hn) −→ X
(
E/Fcyc

n

)
and (6·3)

X
(
E/Fcyc

n

) −→ a1
�(�)

(
X

(
E/Fcyc

n

)#)
. (6·4)
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As in [17] we define the following sets of primes. Let P0 = P0(F∞/K cyc) the set of all
primes of K cyc which are not lying above p and ramified for F∞/K cyc (literally the primes
dividing m and not dividing p). Further,

P1 := {u ∈ P0 | E/K cyc has split multiplicative reduction at u} (6·5)

P2 := {u ∈ P0 | E has good reduction at u and E[p∞](K cyc
u )� 0}, (6·6)

and we denote by P (n)

1 , P (n)

2 , P1(K ), and P2(K ) the corresponding sets of primes in Fcyc
n

and K , respectively.
The cokernel of the homomorphism (6·3) and the kernel of (6·4) are bounded by

|E[p∞](F∞)|, which is finite ([17, lemma 3·12]).
The kernel of (6·3) equals the Pontryagin dual of⊕

u∈P1�P2, u|w
H 1(Hn,w, E[p∞](F∞,w)) (6·7)

modulo finite modules which are bounded by |E[p∞](F∞)| [17]. Moreover, as
Gal(Fcyc

n /K )v-modules

H 1(Hn,w, E[p∞](F∞,w))�

{
Qp/Zp(−1) if w corresponds to a prime v ∈ P1,

E[p∞](−1) if w corresponds to a prime v ∈ P2,
(6·8)

where M(−1) denotes the −1st Tate twist of the Galois module M . Indeed, if v is in P1

there is an exact sequence of modules

0 −→ μp∞ −→ E[p∞] −→ Qp/Zp −→ 0 (6·9)

and by taking its long exact sequence of Hn,w-cohomologies we get

0 −→ Qp/Zp −→ H 1(Hn,w, μp∞) −→ H 1(Hn,w, E[p∞]) −→ H 1(Hn,w, Qp/Zp) −→ 0,

(6·10)

and as abelian groups all of them in the sequence are isomorphic to Qp/Zp, however, as
Gal(Fcyc

n /K )v-modules

H 1(Hn,w, μp∞)�Qp/Zp and (6·11)

H 1(Hn,w, E[p∞])� H 1(Hn,w, Qp/Zp)�Qp/Zp(−1). (6·12)

When v is in P2 then the statement follows from the fact that Hn,w acts trivially on E[p∞].
On the other hand, the cokernel of (6·4) equals the following modulo finite modules with

order bounded by |E[p∞](F∞)| [15, 21]

Hom

⎛
⎝ lim−−→

k∞

⊕
u∈P (n)

1

H 1
(
�k, E[p∞](Fcyc

n,u

))
, Qp/Zp

⎞
⎠ . (6·13)

Now since E[p∞](F∞,w) = E[p∞] for any prime w above a prime in P1 [16, 17] (because
F∞ is the maximal tame p-extension), we have the exact sequence

0 −→ μp∞ −→ E[p∞](Fcyc
n,u

) −→ Z/prn Z −→ 0 (6·14)

with some rn � 0 integer, so H 1(�k, E[p∞](Fcyc
n,u )) = Z/prn Z is finite and independent of

k, � acts trivially on it, and its order is not bounded when n tends to infinity. The unboun-
dedness is true because E(F∞,w) contains all the p-division points on the curve.

Now we can state the following
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PROPOSITION 6·1. There exists a map

X
(
E/Fcyc

n

)( −→ a1
�(�)

(
X

(
E/Fcyc

n

)#)) −→ a1
�(�)(H0(Hn, X (E/F∞)#)) (6·15)

with finite and bounded kernel for varying n. The cokernel differs from⊕
u∈P (n)

2

Tp

(
E[p∞](Fcyc

n,u

))v ⊕
⊕

u∈P (n)
1

M (n)
u (6·16)

by a finite module with bounded order for varying n, where M (n)
u fits into a short exact

sequence

0 −→ Zp/prn Zp −→ M (n)
u −→ Zp(−1) −→ 0, (6·17)

where Tp(·) denotes the p-adic Tate module of a module and the superscript v denotes the
dual Hom(·, Z).

Proof. The quasi-exact sequence

0 −→
⊕

u∈P (n)
1 �P (n)

2 , u|w
Hom(H 1(Hn,w, E[p∞](F∞,w)), Qp/Zp)

# (6·18)

−→ H0(Hn, X (E/F∞)#) −→ X (E/Fcyc
n )# −→ 0 (6·19)

defines a quasi-exact sequence of extension functors

0 −→ a1
�(�)

(
X

(
E/Fcyc

n

)#) −→ a1
�(�)(H0(Hn, X (E/F∞)#)) (6·20)

−→
⊕

u∈P (n)
1 �P (n)

2 , u|w
a1

�(�)(Hom(H 1(Hn,w, E[p∞](F∞,w)), Qp/Zp)
#) −→ 0, (6·21)

since Ext2
�(�)(X (E/Fcyc

n )#, �(�)) is trivial.

Now if u is in P (n)

2 then

H 1(Hn,w, E[p∞](F∞,w)) = E[p∞](−1) (6·22)

and therefore

a1
�(�)(Hom(H 1(Hn,w, E[p∞](F∞,w)), Qp/Zp)

#)� Tp(E[p∞])v. (6·23)

Moreover, in this case there is no u-part of the cokernel of the map

X
(
E/Fcyc

n

) −→ a1
�(�)

(
X

(
E/Fcyc

n

)#)
. (6·24)

On the other hand, if u is in P1 then

H 1(Hn,w, E[p∞](F∞,w)) = Qp/Zp(−1) (6·25)

and therefore

a1
�(�)(Hom(H 1(Hn,w, E[p∞](F∞,w)), Qp/Zp)

#)�Zp(−1). (6·26)

Further, H 1(Hn,w, E[p∞](F∞,w) = μp∞ and the u-part of the cokernel of the morphism

X
(
E/Fcyc

n

) −→ a1
�(�)

(
X

(
E/Fcyc

n

)#)
. (6·27)

differs from Z/prn Z with trivial �-action by a finite module of bounded order for varying n.
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6·2. Main theorem

The following theorem is a generalization of pairings to non-commutative Iwasawa the-
ory. There are previous results for the cyclotomic, anticyclotomic or Z2

p-case [14, 21].
Moreover, it is compatible with the main conjecture for the false Tate curve extension, and
the conjectural functional equation of the p-adic L-function [3, 4, 13].

THEOREM 6·2. If E has good ordinary reduction at the prime p � 5 and X (E/F∞) lies
in the category MH (G) then there is an exact sequence

0 −→ X (E/F∞)
ϕ−→ a1

�(G)(X (E/F∞)#) −→ Coker(ϕ) −→ 0, (6·28)

where Coker(ϕ) represents the same element in K0(MH (G)) as⊕
v∈P1(K )�P2(K )

�(G) ⊗�(Gv) Tp(E[p∞](F∞,w))v, (6·29)

where w is a (fixed) prime in F∞ above v.

Proof. First of all let us remark that each component of the above expression for the
cokernel is isomorphic to

�(G) ⊗�(Gv) Tp(E[p∞](F∞,w))v �
⊕

u∈P1�P2, v|u|w
Tp(E[p∞](F∞,w))v (6·30)

as �(G)-modules with the natural action of �(G) on the right-hand side (G permutes the
primes above a fixed prime v in K ) since the primes in P1� P2 ramify totally in the extension
F∞/K cyc. So it is enough to prove that the cokernel in the theorem is isomorphic to the direct
sum of the modules on the right-hand side of (6·30).

We would like to take the projective limit of homomorphisms in Proposition 6·1
X

(
E/Fcyc

n

) −→ a1
�(�)(H0(Hn, X (E/F∞)#)). (6·31)

For this we first remark that there is a canonical identification

a1
�(�)(H0(Hn, X (E/F∞)#))�a1

�(Gal(Fcyc
n /K ))

(H0(Hn, X (E/F∞)#)) (6·32)

as �(�)-modules [18]. Moreover the norm map from Fcyc
n+1 to Fcyc

n induces a natural homo-
morphism

a1
�(Gal(Fcyc

n+1/K ))
(H0(Hn+1, X (E/F∞)#)) −→ a1

�(Gal(Fcyc
n /K ))

(H0(Hn, X (E/F∞)#)), (6·33)

so we can take the projective limit of these modules with the connecting maps above.
It is easy to see that the limit is a1

�(G)(X (E/F∞)#) so we get a map from X (E/F∞) to
this module. The kernel of this homomorphism is the limit of the finite and bounded ker-
nels and so is finite. However, X (E/F∞) has no nontrivial pseudo-null submodule and fi-
nite modules are obviously pseudo-null, so the morphism we got is injective. Note that
X (E/F∞) has the same �(H)-rank as a1

�(G)(X (E/F∞)#), so this map is automatically a
pseudo-isomorphism. The cokernel is the limit of the cokernels in the finite layers and so it
equals ⊕

u∈P2, u|w
Tp(E[p∞](F∞,w))v ⊕

⊕
u∈P1

lim←−− M (n)
u (6·34)
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up to finite modules. Because of (6·17) and the fact that rn → ∞ the projective limit of the
modules M (n)

u fits into the exact sequence

0 −→ Zp −→ lim←−− M (n)
u −→ Zp(−1) −→ 0. (6·35)

So does Tp(E[p∞](F∞,w))v and therefore they represent the same element in K0(MH (G)).

Remarks.

(i) For any w above a prime in P1

Tp(E[p∞](F∞,w))v (6·36)

represents the same element in K0(MHv
(Gv)) as

Zp ⊕ Zp(−1) (6·37)

because it fits into the exact sequence of �(Gv)-modules

0 −→ Zp −→ Tp(E[p∞](F∞,w))v −→ Zp(−1) −→ 0. (6·38)

However, this exact sequence does not split.

(ii) If we define P1(Q) and P2(Q) to be the set of primes q in Q such that all primes in K
above q are in P1(K ) and P2(K ), respectively then we can investigate the �(G0)-structure
of the above cokernel. Since the reduction type of the elliptic curve at two primes in K over
the same prime in Q are the same, the �(G0) structure is the following⊕

q∈P1(Q)�P2(Q)

�(G0) ⊗�(Gq ) Tp(E[p∞](F∞,w))v, (6·39)

where w is a prime in F∞ above q.

6·3. Functional equation of the characteristic element

We are going to apply Theorems 6·2 and 5·5. Note that by Lemma 5·4 the characteristic
element of

a1
�(G)(X (E/F∞)#) (6·40)

is ξ #
X (E/F∞) as the higher extension groups of X (E/F∞)# are finite since X (E/F∞) has no

nontrivial pseudo-null submodule [17]. We get the following corollary on the characteristic
element.

COROLLARY 6·3. If E has good ordinary reduction at the prime p � 5 and X (E/F∞)

is in MH (G) then the characteristic element ξX (E/F∞) of X (E/F∞) in K1(�(G)S∗) satisfies
a functional equation of the following form

ξ #
X (E/F∞) = ξX (E/F∞)ε0(X (E/F∞))

∏
v∈P1(K )�P2(K )

αv, (6·41)
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where ε0(X (E/F∞)) is in K1(�(G)), and

αv =

Frob−1
v − (X + 1)−NK/Qv − 1

1

X + 1
− 1

Frobv − (X + 1)NK/Qv − 1

X

if v is in P1(K ) and (6·42)

αv =

⎛
⎜⎜⎝Frob−1

v − (X + 1)−bv − 1
1

X + 1
− 1

⎞
⎟⎟⎠

⎛
⎜⎜⎝Frob−1

v − (X + 1)−NK/Qv − 1
1

(X + 1)bv
− 1

⎞
⎟⎟⎠

(
Frobv − (X + 1)bv − 1

X

)(
Frobv − (X + 1)NK/Qv − 1

(X + 1)bv − 1

) if vis in P2(K ),

(6·43)

where Frobv is the arithmetic Frobenius, and bv is a root of the polynomial

x2 − (NK/Qv + 1 − #Ẽ(Fv))x + NK/Qv (6·44)

in Zp and #Ẽ(Fv)) is the number of points on the curve reduced modulo v. Moreover, if we
reduce ε0(X (E/F∞)) modulo the Jacobson radical of �(G) we get an element in Fp that
equals (−1)rankZp (X (E/K cyc)).

Proof. Since H = Hv for all v’s in question (it is a totally ramified extension), the char-
acteristic element of a module in MH (G) of the form M ⊗�(Gv) �(G) with M in MHv

(Gv)

is the image of the characteristic element of M in K1(�(G)S). So in view of the first remark
after Theorem 6·2, we only have to verify the following statements. Firstly, there exists an
element bv in Zp with

b2
v − (NK/Qv + 1 − #Ẽ(Fv))bv + NK/Qv = 0 (6·45)

because the above is the characteristic polynomial of Frob−1
v acting on the Tate module and

Frob−1
v has p-power order when reducing modulo p, so its eigenvalues are in Fp and can be

lifted to Zp.

Secondly, that for v ∈ P2(K ) the characteristic element of the dual of the Tate module
Tp(E[p∞](F∞,w))v is⎛

⎜⎜⎝Frob−1
v − (X + 1)−bv − 1

1

X + 1
− 1

⎞
⎟⎟⎠

⎛
⎜⎜⎝Frob−1

v − (X + 1)−NK/Qv − 1
1

(X + 1)bv
− 1

⎞
⎟⎟⎠

(
Frobv − (X + 1)bv − 1

X

)(
Frobv − (X + 1)NK/Qv − 1

(X + 1)bv − 1

) (6·46)

as a �(Gv)-module. This is true because H acts trivially on Tp(E[p∞](F∞,w))v and we have
an exact sequence of �(Gv)-modules

0 −→ X (Tp(E[p∞])v ⊗Zp Zp[[X ]]) −→ Tp(E[p∞])v ⊗Zp Zp[[X ]] −→ Tp(E[p∞]) −→ 0.

(6·47)
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Moreover, the numerator of (6·46) reduces to the characteristic polynomial of Frob−1
v mod-

ulo X so it is a characteristic element to

Tp(E[p∞]) ⊗Zp Zp[[X ]]. (6·48)

Now we have an isomorphism Tp(E[p∞])v(1)� Tp(E[p∞]) and

X (Tp(E[p∞])v ⊗Zp Zp[[X ]])� Tp(E[p∞]) ⊗Zp Zp[[X ]], (6·49)

so the denominator(
Frobv − (X + 1)bv − 1

X

) (
Frobv − (X + 1)NK/Qv − 1

(X + 1)bv − 1

)

=
((

Frob−1
v − (X + 1)−bv − 1

1
X+1 − 1

) (
Frob−1

v − (X + 1)−NK/Qv − 1
1

(X+1)bv
− 1

))#

(6·50)

is a characteristic element to

X (Tp(E[p∞])v ⊗Zp Zp[[X ]]). (6·51)

Finally, the characteristic element of Zp ⊕ Zp(−1) is

Frob−1
v − (X + 1)−NK/Qv − 1

1

X + 1
− 1

Frobv − (X + 1)NK/Qv − 1

X

(6·52)

as a �(Gv)-module when v ∈ P1(K ). Indeed, since

Frobv(X + 1)Frob−1
v = (X + 1)NK/Qv (6·53)

it is easy to see that the following sequences are exact

0 −→ �(Gv)
/(

Frobv − (X + 1)NK/Qv − 1

X

)
−→ �(G)/(Frobv − 1) −→ Zp −→ 0,

(6·54)

0 −→ �(G)/(Frobv−1) −→ �(G)
/(

Frob−1
v − (X + 1)−NK/Qv − 1

1
X+1 − 1

)
−→ Zp(−1) −→ 0.

The first statement follows immediately from the fact that the characteristic element of a
module which is the factor of �(G) modulo a principal (left) ideal is the generator of the
ideal. The sign in this functional equation follows from Theorem 5·5 and the formula [17]

rank�(H)(X (E/F∞)) = rankZp(X (E/K cyc)) + |P1(K )| + 2|P2(K )|, (6·55)

because the v-part of the characteristic element of the cokernel reduces to −1 modulo the
Jacobson radical of �(G) if v is P1(K ) and to +1 if it is in P2(K ).

Remarks. (i) The following functional equation of the characteristic element ξQ,X (E/F∞)

of X (E/F∞) in K1(�(G0)S∗
Q
) can be proved similarly

ξ #
Q,X (E/F∞) = ξQ,X (E/F∞)ε0(Q, X (E/F∞))

∏
q∈P1(Q)�P2(Q)

αq . (6·56)
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Here ε0(Q, X (E/F∞)) is in K1(�(G0)) and

αq =

Frob−1
q − (X + 1)−q − 1

1

X + 1
− 1

Frobq − (X + 1)q − 1

X

if q is in P1(Q) and (6·57)

αq =

⎛
⎜⎜⎝Frob−1

q − (X + 1)−bq − 1
1

X + 1
− 1

⎞
⎟⎟⎠

⎛
⎜⎜⎝Frob−1

q − (X + 1)−q − 1
1

(X + 1)bq
− 1

⎞
⎟⎟⎠

(
Frobq − (X + 1)bq − 1

X

)(
Frobq − (X + 1)q − 1

(X + 1)bq − 1

) if q is in P2(Q),

where Frobq is the arithmetic Frobenius, and bq is a root of the polynomial

x2 − (q + 1 − #Ẽ(Fq))x + q (6·58)

in Zp, and #Ẽ(Fq)) is the number of points on the curve reduced modulo q.
(ii) We chose a different normalization of the characteristic element of the cokernel in the

above theorem from the one in Section 5 because it fits more into the analytic theory in the
following section. Moreover, for each v and q, we have αvα

#
v = 1 and αqα

#
q = 1.

7. Connections to the analytic side

In this section we formulate the Main Conjecture for elliptic curves over the false Tate
curve extension similarly to the GL2 Main Conjecture introduced by Coates et. al. [4]. Then
we compare the algebraic functional equation we got in the previous section for the char-
acteristic element of the dual Selmer group and the conjectural functional equation of the
p-adic L-function.

7·1. The main conjecture

Fix a global minimal Weierstraß equation for E over Z. We denote by �±(E) the periods
of E , defined by integrating the Néron differential of this Weierstraß equation over the ±1
eigenspaces H1(E(C), Z)± of complex conjugation. As usual, �− is chosen to lie in iR.
Moreover, for any Artin representation τ of the absolute Galois group of Q let d+(τ ) (resp.
d−(τ )) denote the dimension of the subspace of the vector space of ρ on which complex
conjugation acts by +1 (resp. −1). It is Deligne’s period conjecture [9] – which has already
been proved [2] in the case when τ factors through the false Tate curve extension – that

L(E, τ, 1)

�+(E)d+(τ )�−(E)d−(τ )
∈ Q. (7·1)

Let R denote the following set of rational primes

R := {p} � {q ∈ Q prime : q | m and E[p∞] ⊆ F∞,w for a w ∈ F∞ above q}. (7·2)

We define the modified L-function

L R(E, τ, s) :=
∏
q�R

Pq(E, τ, q−s)−1 (7·3)
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by removing the Euler-factors of primes in R. Finally, since E has good ordinary reduction
at p, we have

Pp(E, T ) = 1 − apT + pT 2 = (1 − bpT )(1 − cpT ), bp ∈ Z×
p , (7·4)

where p + 1 − ap = #(Ẽ p(Fp)) is the number of points on the curve reduced modulo p.

CONJECTURE 7·1. Assume that p � 5 and that E has good ordinary reduction at p.
Then there exists LE in K1(�(G0)S∗

Q
) such that, for all Artin representations τ of G0, we

have LE(τ )�∞, and

LE(τ ∗) = L R(E, τ, 1)

�+(E)d+(τ )�−(E)d−(τ )
· εp(τ ) · Pp(τ

∗, b−1
p )

Pp(τ, c−1
p )

· b− fτ
p , (7·5)

where εp(τ ) denotes the local ε-factor at p attached to τ , and p fτ is the p-part of the
conductor of τ .

This above conjecture is parallel to the one in the GL2-case ([4, conjecture 5·7]), however,
there R consists of those primes q in Q besides p for which ordq( jE) < 0, where jE is the
j-invariant of the elliptic curve. The set defined in (7·2) is the right generalization to the
false Tate curve case, since we only have to remove the Euler factors corresponding to those
primes which both ramify infinitely in this extension, and satisfy the condition that if we
complete F∞ at a prime above them then the completion contains all the p-division points
on the curve. This latter assumption is automatic for any prime in the GL2-case.

Now we can state the main conjecture of Iwasawa theory for elliptic curves over the false
Tate tower.

CONJECTURE 7·2 (The main conjecture). Assume that p � 5, E has good ordinary re-
duction at p, and X (E/F∞) belongs to the category MH0(G0). Granted Conjecture 7·1, the
p-adic L-function LE in K1(�(G0)S∗

Q
) is a characteristic element of X (E/F∞).

7·2. Compatibility of the functional equations

We begin this section with investigating the values of the modifying factors αq of the
algebraic functional equation at the irreducible Artin representations of G0. The irredu-
cible Artin representations of G0 are in the form ρnχ or χ , where ρn is a representation
of Gal(Fn/Q) induced by any character of Gal(Fn/Q(μpn )) of exact order pn , and χ is a
1-dimensional character of Gal(Q(μp∞)/Q). It is enough to deal with irreducible represent-
ations because both the modified L-values and the values of elements in K1(�(G0)S∗

Q
) are

multiplicative with respect to direct sums of representations.

PROPOSITION 7·3. The values of αq at irreducible Artin representations of G0 are as
follows:

αq(χ) = Pq(E, χ, q−1)

Pq(E, χ, q−1)
and (7·6)

αq(ρnχ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
q

p

)
Pq(E, ρnχ, q−1)

Pq(E, ρnχ, q−1)
χ(Frob−1

q )pn−1(p−1), if q ∈ P1(Q)

Pq(E, ρnχ, q−1)

Pq(E, ρnχ, q−1)
, if q ∈ P2(Q),

(7·7)

where
( q

p

)
denotes the Legendre symbol.
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Proof. This is a simple computation using that det ρn(Frobq) = ( q
p

)
.

Since L
#
E(τ ) = LE(τ ∗) for any Artin representation τ of G0, this above proposition shows

that the functional equation of the characteristic element of X (E/F∞) is compatible with the
Main Conjecture up to p-adic units because they modify the same way when changing τ to
τ ∗. Indeed, by Conjecture 7·1 we have

LE(τ ∗) = L R(E, τ, 1)

�+(E)d+(τ )�−(E)d−(τ )
· εp(τ ) · Pp

(
τ ∗, b−1

p

)
Pp

(
τ, c−1

p

) · b− fτ
p and (7·8)

L
#
E(τ ∗) = LE(τ ) = L R(E, τ ∗, 1)

�+(E)d+(τ ∗)�−(E)d−(τ ∗) · εp(τ
∗) · Pp

(
τ, b−1

p

)
Pp

(
τ ∗, c−1

p

) · b− fτ∗
p .

Moreover, the functional equation of the complex L is

L̂(E, τ, s) = w(E, τ )L̂(E, τ ∗, 2 − s), (7·9)

where

L̂(E, τ, s) :=
(

N (E, τ )

π2 dim τ

)s/2

�

(
s

2

)dim τ

�

(
s + 1

2

)dim τ

L(E, τ, s). (7·10)

From this we get that

L(E, τ, 1) = w(E, τ )L(E, τ ∗, 1) (7·11)

as the modifying factors are the same for τ and τ ∗ at s = 1 since τ and τ ∗ have both the same
dimension and conductor. Moreover, d±(τ ∗) = d±(τ ) and the local factors at p cancel each
other as they do in the functional equation over the cyclotomic extension, so by combining
(7·8) and (7·11) we get that

LE(τ ∗)∏
q∈R\{p} Pq(E, τ, q−1)

and
L#

E(τ ∗)∏
q∈R\{p} Pq(E, τ ∗, q−1)

(7·12)

are equal up to p-adic units. So Proposition 7·3 shows that the functional equation of the
characteristic element of the dual Selmer is compatible with the conjectural functional equa-
tion of the p-adic L-function up to p-adic units.

In the following proposition we prove that for any self-dual Artin representation τ the
signs in the algebraic and analytic functional equations coincide, as well. This is also a good
evidence for both the Main Conjecture and the conjectural functional equation of the p-adic
L-function.

PROPOSITION 7·4. The signs when substituting self-dual Artin representations of G0 into
the the functional equation of the characteristic element ξQ,X (E/F∞) of the dual Selmer group
X (E/F∞) are as follows. All of them are equal to the signs of the functional equations of
the twisted L-functions of the elliptic curve with the Artin representations in question.

walg(E, τ ) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(−1)tE/Q,p if τ is the trivial representation,

(−1)tE/Q,p+tE/K ,p if τ is the real character of order 2,

(−1)tE/K ,p
∏

q∈P1(Q)

( q
p

)
if τ = ρn for some n,

1 if τ = χ ⊕ χ or ρn ⊗ (χ ⊕ χ) for some n and

χ character of Gal(Q(μp∞)/Q),

(7·13)

where tE/k,p is the Zp-rank of the dual Selmer X (E/k) for any number field k.
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Proof. It is enough to prove that modulo squares in Zp[[Z×
p ]]× the factor ε0(Q, X (E/F∞))

reduces to (−1)tE/Q,p γ̃
tE/K ,p

0 because then the statement follows by substituting the Artin rep-
resentations into this epsilon factor and applying Proposition 7·3. The statement regarding
the sign in the analytic functional equation follows from the formulae for the root numbers
[10], and from the fact that the parity conjectures tE/Q,p ≡ rE/Q and tE/K ,p ≡ rE/K are true
due to Nekovář [20]. For this let us reduce the equation

ξ #
Q,X (E/F∞) = ξQ,X (E/F∞)ε0(Q, X (E/F∞))

∏
q∈P1(Q)�P2(Q)

αq (7·14)

modulo X . After multiplying by the denominators we get the following

ξ̃ #
Q,X (E/F∞)

∏
q∈P1(Q)

(Frobq − q)
∏

q∈P2(Q)

(Frobq − bq)(Frobq − q/bq) (7·15)

= ξ̃Q,X (E/F∞)ε̃0(Q, X (E/F∞))
∏

q∈P1(Q)

(
Frob−1

q − q
) ∏

q∈P2(Q)

(
Frob−1

q − bq

)(
Frob−1

q − q/bq

)
.

Now ξ̃Q,X (E/F∞) is a polynomial in the variable γ̃0 – which is the generator of the Galois
group Gal(Q(μp∞)/Q) – of degree rank�(H)(X (E/F∞)) and Frobq equals γ̃0 to some even
power if

( q
p

) = 1 and to some odd power if
( q

p

) = −1. Since

(−1)tE/K ,p = (−1)rank�(H)(X (E/F∞))
∏

q∈P1(Q)

(
q

p

)
, (7·16)

on the right-hand side of the equation (7·15) there is a polynomial in γ̃0 of degree the same
parity as tE/K ,p. Moreover, the roots of this polynomial are in pairs, except when they are
±1 because if a (p-adic) number is a root of this polynomial then so is its reciprocal. We get
a −1 in the functional equation for each multiplicity of the root 1 and this number is exactly
tE/Q,p. We also get a γ̃0 to the power of the degree in the functional equation and we are
done.

8. Heegner-like cases

Throughout this section we shall need the following hypotheses on p and the elliptic curve
E imposed in [3].

HYPOTHESIS 1. E has good ordinary reduction at p.

HYPOTHESIS 2. X (E/F∞) belongs to the category MH (G).

Recall that a finitely generated module M over the Iwasawa algebra of the cyclotomic
Zp-extension is always pseudo-isomorphic to a module of the form⊕

i

Zp[[T ]]/pμi ⊕
⊕

j

Zp[[T ]]/ f
m j

j , (8·1)

where the f j ’s are distinguished polynomials. Its characteristic power series is defined to be

fM =
∏

i

pμi
∏

j

f
m j

j (8·2)
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and its μ-invariant is μ(M) = ∑
i μi . If L is any number field and E an elliptic curve satis-

fying the above hypotheses, let us denote by μE/L the μ-invariant of X (E/Lcyc). Note that
Hypothesis 2 is automatic if μE/K = 0 [17].

Since G is a pro-p group without p-torsion, the pseudo-null p-primary finitely gener-
ated �(G)-modules are exactly those whose classes are trivial in the Grothendieck group
K0(MH (G)), or equivalently if its characteristic element vanishes [1]. It also follows that if
M is a p-primary module in the category MH (G) then its characteristic element is the image
of

prank�(G)grp(M) (8·3)

in the group K1(�(G)S∗), where grp(M) denotes the graded module of M with respect to
the p-adic filtration of M [1]. Moreover, by definition the rank of the graded module is equal
to the μ-invariant μG(M) of the �(G)-module M .

PROPOSITION 8·1. If E is an elliptic curve and p � 5 is a prime satisfying Hypotheses
1 and 2 then the characteristic element of X (E/F∞)(p) is the image of pμE/K in the group
K1(�(G)S∗). Moreover, if K � L � F∞ is an intermediate number field then μE/L =
p[L:K ]μE/K .

Proof. The first statement immediately follows from the fact that μG(X (E/F∞)) = μE/K

whenever we assume Hypotheses 1 and 2 [5]. We can obtain the second statement by
applying the first one for the extension F∞/L and comparing the rank of the module
grp(X (E/F∞)(p)) over �(G) and �(Gal(F∞/L)).

If v is a prime in K , we write kv for the residue class field of K at v. Further, Ẽv denotes
the reduction of E mod v. Recall our standing hypothesis that m is p-power free and not
divisible by any rational prime q such that E has additive reduction at q. Consider the
following sets of rational primes:

P1 = {q | E has split multiplicative reduction at all primes v of K above q}, (8·4)

P2 = {q | q � p, E has good reduction at q, Ẽv(kv)(p)� 0 for a v ∈ K above q}:
The following proposition can be found in [3].

PROPOSITION 8·2. Assume Hypotheses 1 and 2. Then X (E/F∞) has �(H)-rank 1 if
and only if m has no prime divisor in the set P2 and either (i) X (E/K cyc) has Zp-rank zero
and m has precisely one prime divisor q in P1 which is inert in K cyc or (ii) X (E/K cyc) has
Zp-rank 1 and m has no prime divisor in P1.

The following subsections deal with these two cases.

8·1. The classical case

In this section let us assume the second case of Proposition 8·2. Therefore we have that
gE/Fn � pn � rE/Fn for any positive integer n (see [11, appendix A]). Moreover, the char-
acteristic power series for Y (E/Fcyc

n ) is T pn
and the p∞-Selmer rank tE/Fn ,p = pn for all

n � 1 [3]. Since there is an injective �(H)-homomorphism

Y (E/F∞) ↪→ �(H) (8·5)

with finite cokernel [17], we can investigate the action of G on this finite index submodule
of �(H). Let us at first identify the Iwasawa algebra �(H) with the ring of formal power
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series Zp[[X ]] so that a topological generator h ∈ H is mapped to the power series 1 + X .
Now we can consider Y (E/F∞) as a finite index submodule of Zp[[X ]], hence it contains
a constant power series pl for some l ∈ N. Since Y (E/F∞) admits an action of G, we can
define a power series f (X) ∈ p−lZp[[X ]] as f (X) = p−l γ̃ pl where γ̃ ∈ G is a lift of the
topological generator γ ∈ � to G such that it fixes the subfield Q(μp,

p∞√m). We are going
to show that in fact f (X) is in Zp[[X ]] and satisfies some functional equation. This will be
the image of 1 ∈ �(H) when we extend the action of γ to the whole Zp[[X ]].

LEMMA 8·3. Under the Hypotheses 1 and 2 and the second case of Proposition 8·2 we
have the following functional equation for the power series f (X) :

pn−1−1∏
j=0

f
(
ζ

1+ j p
pn − 1

) = 1 and

f (0) = 1 (8·6)

where ζpn is an arbitrary primitive pnth root of unity (n � 1 integer). In particular f (0) =
f (ζp − 1) = 1.

Proof. First of all let us remark that in fact f (X) determines the action of G on
Y (E/F∞) because if f1(X) ∈ Y (E/F∞) � Zp[[X ]] then γ̃ f1(X) = γ̃ f1(X)γ̃ −1γ̃ 1 =
(γ̃ f1(X)γ̃ −1) f (X) where γ̃ f1(X)γ̃ −1 is the conjugation by γ̃ on the group ring �(H).
Since the kernel and the cokernel of the restriction homomorphism

Y (E/F∞)Hn −→ Y
(
E/Fcyc

n

)
(8·7)

are finite [17] and the characteristic element of Y (E/Fcyc
n ) is T pn

, the Akashi series (i.e. the
characteristic element of Y (E/F∞)Hn as a �n-module since the higher homology groups of
Y (E/F∞) are finite because Y (E/F∞) is a finite index submodule of a free �(H)-module)
of Y (E/F∞) is also T pn

, namely γ̃ pn−1
(and γ̃ when n = 0) has the unique eigenvalue 1

when acting on

Qp ⊗Zp (Y (E/F∞)/((X + 1)pn − 1)Y (E/F∞)). (8·8)

and we immediately get f (0) = 1 when n = 0. However, the latter action can be computed
in a different way. For any f1(X) ∈ Y (E/F∞) we have

γ̃ pn−1
f1(X) = γ̃ pn−1

f1(X)γ̃ −pn−1
pn−1−1∏

j=0

γ̃ j f (X)γ̃ − j . (8·9)

Since the commutator [γ̃ pn−1
, H ] is equal to Hn , we have that

pn−1−1∏
j=0

f
(
ζ

γ̃ − j

pn − 1
) =

pn−1−1∏
j=0

f
(
ζ

1+ j p
pn − 1

)
(8·10)

is an eigenvalue of γ̃ pn−1 |Y (E/F∞)Hn ⊗Qp and we are done.

Remark. This condition on f (X) actually means that the relative norm of f (ζpn − 1) is 1
in the extension Qp(ζpn )/Qp(ζp).

Let ρn be the Artin representation of G obtained by inducing any character of exact order
pn of Gal(Fn/Q(μpn )) to Gal(Fn/K ).
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PROPOSITION 8·4. Under the Hypotheses 1 and 2 and the second case of Proposition
8·2, the Akashi series of the twisted module twρn (Y (E/F∞)) is (T + 1)pn−1 − 1.

Proof. Since in the standard basis of ρn

ρn(γ̃ ) =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0
0 0 1 · · · 0
... 0

. . .
...

0
...

...
. . . 1

1 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, ρn(h) =

⎛
⎜⎜⎜⎜⎜⎜⎝

ζ 0 0 · · · 0
0 ζ γ̃ 0 · · · 0
... 0 ζ γ̃ 2 . . .

...

0
...

. . .
. . . 0

0 0 · · · 0 ζ γ̃ pn−1−1

⎞
⎟⎟⎟⎟⎟⎟⎠

, (8·11)

where ζ is a primitive pnth root of unity, we have that the matrix of γ̃ |twρn (Y (E/F∞))H is⎛
⎜⎜⎜⎜⎜⎜⎝

0 f (ζ−1 − 1) 0 · · · 0
0 0 f (ζ−γ̃ − 1) · · · 0
... 0

. . .
...

0
...

...
. . . f (ζ−γ̃ pn−1−2 − 1)

f (ζ−γ̃ pn−1−1 − 1) 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, (8·12)

since h acts on Y (E/F∞) ⊗ Vρn (where Vρn is the vector space of ρn) by multiplying the
term in Y (E/F∞) by X + 1, and the term in Vρn by the above matrix. So if we take
the H -coinvariants then we get a vector space over Qp(ζ ) of dimension pn−1 and γ̃ acts
by the above matrix because 1 ⊗ b j is equivalent to (X + 1) ⊗ ζ γ̃ j−1

b j where b j is the j th
basis vector of Vρn , therefore we need to substitute ζ−γ̃ j−1 − 1 into X in the j th component.
The result follows by Lemma 8·3.

Applying the Artin-formalism for Akashi series ([11, theorem A·44], see also [3]) and Pro-
position 8·1 we get the following corollary.

COROLLARY 8·5. Under the Hypotheses 1 and 2 and the second case of Proposition 8·2,
the characteristic element of the �-module X (E/Q(μp,

pn√m)cyc) is

T
n−1∏
j=0

((T + 1)p j − 1)p−1 p pnμE/K . (8·13)

In particular if gE/Fn = rE/Fn then gE/Q(μp,
pn√

m) = rE/Q(μp,
pn√

m) = (p − 1)n + 1, the order of
vanishing of the above expression at T = 0.

We will need the following rather technical lemmata for the proof of Proposition 8·8.

LEMMA 8·6. The element γ̃0 acts by conjugation trivially on a power series h(X) ∈
Zp[[X ]] modulo the ideal ((X + 1)pk − 1) if and only if it is in the form

h(X) ≡
k∑

i=0

ai
(X + 1)pk − 1

(X + 1)pi − 1
mod ((X + 1)pk − 1), (8·14)

where ai is in Zp for each 0 � i � k.

Proof. Since Zp[[X ]]/((X + 1)pk − 1) is isomorphic to the group ring Zp[H/Hk] and
the image of ((X + 1)pk − 1)/((X + 1)pi − 1) in Zp[H/Hn] is the sum of elements of or-
der at least pi , it follows that γ̃0 acts trivially on these elements. The other direction is
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also true because if γ̃0 acts trivially on some element in Zp[H/Hn] then the coefficient
of elements of the same order must be the same, so it can be written in the required
form, since the sum of elements of exact order pi is ((X + 1)pk − 1)/((X + 1)pi − 1) −
((X + 1)pk − 1)/((X + 1)pi−1 − 1).

LEMMA 8·7. If xk+1 is an element in Zp[ζpk+1] such that it is congruent to 1 modulo the
maximal ideal (ζpk+1 − 1) and x1−γ̃0

k+1 ≡ 1 (mod (ζpk+1 − 1)pk
) then it is congruent modulo

(ζpk+1 − 1)pk
to an element in the form

1 +
k−1∑
i=0

ai (ζpk+1 − 1)pk−pi

(8·15)

with ai in {0, 1, 2, . . . , p − 1} for 0 � i � k − 1.

Proof. At first note that if the integer j is not divisible by p − 1 then if we denote by vk+1

the (ζpk+1 − 1)-valuation on Zp[ζpk+1], we have that

j = vk+1((ζpk+1 − 1) j ) = vk+1((1 + (ζpk+1 − 1) j s)1−γ̃0 − 1) (8·16)

for any s invertible element in Zp[ζpk+1]. This is true because

(ζpk+1 − 1) j γ̃0 = (
ζ

χ(γ̃0)

pk+1 − 1
) j ≡ χ(γ̃0)

j (ζpk+1 − 1) j (mod (ζpk+1 − 1) j+1. (8·17)

Let us assume now indirectly that xk+1 is not in the required form. Now equation (8·16)

shows that vk+1(xk+1−1) is divisible by p−1 because otherwise x1−γ̃0

k+1 could not be congruent
to 1 modulo (ζpk+1 − 1)pk

. Moreover, we claim that if j is not divisible by p then we have
that

pr (p − 1) j + pr � vk+1

((
1 + (ζpk+1 − 1)pr (p−1) j s

)1−γ̃0 − 1
)

� pr (p − 1) j + pr+1 − 1 (8·18)

for any s invertible element in Zp[ζpk+1] and provided that

pr (p − 1) j + pr+1 − 1 < pk+1 − pk = vk+1(p). (8·19)

From this we get the statement because the vk+1-valuation of xk+1 −1 can only be pk − pi for
some i in the set {0, 1, . . . , k − 1} since this valuation is divisible by p − 1 so is in the form
pr (p − 1) j for some positive integer j coprime to p and nonnegative integer r . Moreover,
we are only interested in xk+1 modulo (ζpk+1 −1)pk

, so we may assume that pr (p−1) j < pk .
Now by (8·18) the valuation of x1−γ̃0

k+1 − 1 is at most pr (p − 1) j + pr+1 − 1. However, by
assumption it is at least pk . This means that

pr (p − 1) j + pr+1 − 1 > pk − 1

vk+1(xk+1 − 1) = pr (p − 1) j > pk − pr+1. (8·20)

The only number divisible by pr (p − 1) which is greater than pk − pr+1 and less than pk is
pk − pr so the vk+1-valuation of xk+1 − 1 is in this form. Moreover, by Lemma 8·6 we have
that (

1 + ai
(X + 1)pk − 1

(X + 1)pi − 1

)1−γ̃0

≡ 1(mod (X + 1)pk − 1 (8·21)
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and if we substitute ζpk+1 − 1 into X and reduce the equation modulo p (p is divisible by

ζ
pk

pk+1 − 1 in Zp[ζpk+1]) we get that

(1 + ai (ζpk+1 − 1)pk−pi
)1−γ̃0 ≡ 1 (mod (ζpk+1 − 1)pk

, (8·22)

so we can multiply xk+1 by 1 + ai (ζpk+1 − 1)pk−pi
to remove the coefficient of

(ζpk+1 − 1)pk−pi
(8·23)

in xk+1 such that x1−γ̃0

k+1 does not change modulo (ζpk+1 − 1)pk
. This can be done since

xk+1(1+ai(ζpk+1−1)pk−pi
) ≡ xk+1+ai(ζpk+1−1)pk−pi

(mod (ζpk+1 − 1)pk
, and (8·24)

(1 + ai(ζpk+1 − 1)pk−pi
)(1 + ai ′(ζpk+1 − 1)pk−pi ′

)

≡ 1 + ai (ζpk+1 − 1)pk−pi + ai ′(ζpk+1 − 1)pk−pi ′
(mod (ζpk+1 − 1)pk

. (8·25)

Now we can remove the coefficients of (ζpk+1 − 1)pk−pi
for all i , however, it followed from

the indirect assumption that the valuation of xk+1 − 1 was pk − pr for some r (see (8·20)).
This is a contradiction and we are done. So it remains to prove the claim (8·18).

Proof of the claim. We can work modulo p because the vk+1-valuation of p is pk+1−pk >

pr (p − 1) j + pr+1 − 1. At first we prove that

pr (p − 1) j + pr � vk+1

((
1 + (ζpk+1 − 1)pr (p−1) j s

)1−γ̃0 − 1
)
. (8·26)

Indeed, we have (
1 + (ζpk+1 − 1)pr (p−1) j s

)1−γ̃0 − 1

= s
(ζpk+1 − 1)pr (p−1) j − (ζpk+1 − 1)pr (p−1) j γ̃0(

1 + (ζpk+1 − 1)pr (p−1) j s
)γ̃0

(8·27)

and after dividing by units and by (ζpk+1 − 1)pr (p−1) j and reducing modulo p we only need
to check that

(ζpk+1 − 1)pr (p−1) j (γ̃0−1) ≡ 1 (mod(ζpk+1 − 1)pr
). (8·28)

This follows from the fact that (ζpk+1 − 1)(γ̃0−1) is a unit in Zp[ζpk+1] and the (p − 1)st power
of any unit is congruent to 1 modulo the maximal ideal, and pr is less than the valuation of
p.

If we take the number

yk+1,r = 1 +
⎛
⎝pr+1−pr −1∏

i=0

(
ζ

γ̃ i
0

pk+1 − 1
)⎞⎠

j

(8·29)

then we have that vk+1(yk+1,r − 1) = pr (p − 1) j and

y1−γ̃0

k+1,r − 1 =
(∏pr+1−pr −1

i=0

(
ζ

γ̃ i
0

pk+1 − 1
)) j

1 +
(∏pr+1−pr −1

i=0

(
ζ

γ̃ i
0

pk+1 − 1
)) j

⎛
⎜⎝1 −

⎛
⎝ζ

γ̃
pr (p−1)

0

pk+1 − 1

ζpk+1 − 1

⎞
⎠

j
⎞
⎟⎠ . (8·30)
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Since p does not divide j it is easy to see that

vk+1

⎛
⎜⎝1 −

⎛
⎝ζ

γ̃
pr (p−1)

0

pk+1 − 1

ζpk+1 − 1

⎞
⎠

j
⎞
⎟⎠ = vk+1

⎛
⎝1 −

⎛
⎝ζ

1+pr+1

pk+1 − 1

ζpk+1 − 1

⎞
⎠

j⎞
⎠ = pr+1 − 1, (8·31)

which means that vk+1(y1−γ̃0

k+1,r − 1) = pr (p − 1) j + pr+1 − 1, i.e. maximal if the claim is
true. Now we prove the second inequality by induction on r . Indirectly, let r be the smallest
nonnegative integer for which the statement is not true. This means that there is an element
zk+1,r in Zp[ζpk+1] such that

vk+1(zk+1,r − 1) = vk+1(yk+1,r − 1) < pk

vk+1

(
z1−γ̃0

k+1,r − 1
)

> vk+1

(
y1−γ̃0

k+1,r − 1
)
, and so (8·32)

vk+1((zk+1,r/yk+1,r )
1−γ̃0 − 1) = vk+1

(
y1−γ̃0

k+1,r − 1
)
.

We may assume without loss of generality that zk+1,r is congruent to yk+1,r modulo (ζpk+1 −
1)pr (p−1) j+1 because we can replace zk+1,r with one of its prime to p powers. This means
that pr (p − 1) j < w := vk+1(zk+1,r/yk+1,r − 1) < pr (p − 1) j + pr+1 − 1. Moreover, w

must be divisible by p − 1 because otherwise vk+1(z
1−γ̃0

k+1,r − 1) would also be w (see (8·16))
which contradicts to (8·33). On the other hand, since the only number divisible by pr+1 − pr

in this region is pr (p −1)( j +1) = pr (p −1) j + pr+1 − pr and if w is equal to this number
then by the other side of the inequality, which is already proven, we get that

vk+1((zk+1,r/yk+1,r )
1−γ̃0 − 1) > (pr (p − 1) j + pr+1 − pr ) + pr (8·33)

which is a contradiction because z1−γ̃0

k+1,r and y1−γ̃0

k+1,r are not the same modulo

(ζpk+1 − 1)pr (p−1) j+pr+1
. (8·34)

So w = pr0(p − 1) j0 for some 0 � r0 < r and j0 coprime to p. Now we are done since
there is no number w with

pr (p − 1) j + pr+1 − pr0+1 � w � pr (p − 1) j + pr+1 − pr0 − 1 (8·35)

which is divisible by pr0(p − 1) and not divisible by pr0+1(p − 1) and these are the only
possibilities for w by (8·33) and the inductional hypothesis.

The following proposition is a generalization of Hilbert’s ‘Satz 90’ and plays an important
role in determining the structure of Y (E/F∞) as a �(G)-module.

PROPOSITION 8·8. For a formal power series f0(X) ∈ Zp[[X ]] the following are equi-
valent:
(i) NQp(μpn )/Qp( f0(ζpn − 1)) = 1 for all n � 0 and ζpn a primitive pnth root of unity and we

have

f0(X) f0(1/(X + 1) − 1) = ĝ(X)1−γ̃0 (8·36)

for some ĝ(X) in 1 + XZp[[X ]];
(ii) f0(X) is in the form g∞(X)1−γ̃0 for some g∞(X) ∈ 1 + XZp[[X ]].

Proof. The direction (ii)⇒(i) is trivial, since the norms of g(ζpn − 1) and g(ζpn − 1)γ̃0

are the same and if f0(X) is in this form then so is f0(X) f0(1/(X + 1) − 1). For the other
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direction we are going to prove that for all k � 0 there exists a gk(X) ∈ 1 + XZp[[X ]] such
that

f0(X) ≡ gk(X)1−γ̃0 mod ((X + 1)pk − 1). (8·37)

The statement will follow from this, since the set of such gk’s for a given k is compact and
the projective limit of compact spaces is nonempty. So there exists a limit g∞ of such gk’s
which is also in 1+ XZp[[X ]]. Let us remark here that g∞ is unique because if g1−γ̃0∞ = h1−γ̃0∞
then g∞/h∞ is fixed under the conjugation by γ̃0, so it is constant, and the constant term of
both g∞ and h∞ are 1 which means they are equal.

Now we prove (8·37) by induction on k. For k = 0 it is easy to see that the condition (i)
implies that f0(0) = 1 (applying (i) with n = 0), so g0 ≡ 1 is good. Let us assume now that
we know the statement for some fixed k � 0. So we may assume without loss of generality
that f0(X) ≡ 1 mod ((X+1)pk −1) because f0(X) satisfies condition (i) if and only if so does
f0(X)/g1−γ̃0

k (applying (ii)⇒(i)). Now we apply (i) for n = k+1. From Hilbert’s Theorem 90
we get that there is an element xk+1 in Zp[μpk+1] such that x1−γ̃0

k+1 = f0(ζpk+1 − 1) and p does

not divide xk+1 (because we can multiply xk+1 by any integer power of p and x1−γ̃0

k+1 does not
change). It is obvious that there exists some hk+1 ∈ Zp[[X ]] such that hk+1(ζpk+1 −1) = xk+1.
Furthermore, we have that this hk+1(X) can be chosen in 1+XZp[[X ]]. Indeed, by the second
assumption of (i) we have

hk+1(ζpk+1 − 1)hk+1

(
ζ−1

pk+1 − 1
) = k0ĝ(ζpk+1 − 1), (8·38)

for some k0 in Zp since there the quotient is fixed by γ̃0. Now the vk+1-valuation of
hk+1(ζpk+1 − 1) and hk+1(ζ

−1
pk+1 − 1) are the same, so this valuation must be divisible by

(pk+1 − pk)/2 because ĝ(ζpk+1 − 1) is a unit. On the other hand this valuation must be di-
visible by p − 1 because otherwise hk+1(ζpk+1 − 1)1−γ̃0 would not be 1 modulo the maximal
ideal. Therefore it is divisible by pk+1 − pk , and dividing hk+1(ζpk+1 − 1) by a number in Zp

we can normalize it such that hk+1(0) equals 1. Now it is well known and also easy to see
that the ideal generated by

(X + 1)pk − 1 and
(X + 1)pk+1 − 1

(X + 1)pk − 1
(8·39)

(the latter is the minimum polynomial of ζpk+1 ) is equal to the ideal generated by p and X pk

in the power series ring Zp[[X ]]. This means that if two power series q1 and q2 in Zp[[X ]]
are equal modulo the ideal generated by p and X pk

then by the Chinese Remainder Theorem
there exists another power series q in Zp[[X ]] such that q is congruent to q1 modulo the ideal

((X + 1)pk − 1) and to q2 modulo

(
(X + 1)pk+1 − 1

(X + 1)pk − 1

)
. Now if we apply Lemma 8·7 and

notice that

(X + 1)pk − 1

(X + 1)pi − 1
≡ X pk−pi

(mod p) (8·40)

we get that hk+1(X) is congruent modulo the ideal generated by p and X pk
to some element

in the form

1 +
k−1∑
i=0

ai
(X + 1)pk − 1

(X + 1)pi − 1
. (8·41)
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This means that there is a formal power series gk+1(X) in Zp[[X ]] such that it is congruent

to hk+1(X) modulo

(
(X + 1)pk+1 − 1

(X + 1)pk − 1

)
and to some element in the form

k∑
i=0

ai
(X + 1)pk − 1

(X + 1)pi − 1
(8·42)

modulo ((X + 1)pk − 1) which element is in fact fixed under the conjugation by γ̃0 (see
Lemma 8·6). Moreover, gk+1(X) is invertible because so is hk+1(X). In other words, by the
choice of hk+1(X), and since f0(X) is congruent to 1 modulo ((X +1)pk −1) by inductive as-

sumption, we have that f0(X) is congruent to gk+1(X)1−γ̃0 both modulo

(
(X + 1)pk+1 − 1

(X + 1)pk − 1

)

and modulo ((X + 1)pk − 1), ie. modulo ((X + 1)pk+1 − 1). Now since gk+1(X) is invertible
in Zp[[X ]], we can normalize it by its constant term to get a required element.

Note that G0 also acts on Y (E/F∞), so the action of γ̃ is the p − 1st power of the action
of γ̃0 (we choose the topological generator γ0 of �0 such that its p − 1st power is γ ). This
means that if p−l(γ̃0 pl) = f0(X) then

f (X) =
p−2∏
i=0

γ̃ i
0 f0(X)γ̃ −i

0 . (8·43)

This motivates the following Corollary.

COROLLARY 8·9. For a formal power series f (X) ∈ p−lZp[[X ]] the following are equi-
valent.
(i) It satisfies the condition (8·6) and is in the form

f (X) =
p−2∏
i=0

γ̃ i
0 f0(X)γ̃ −i

0 (8·44)

for some f0(X) ∈ p−lZp[[X ]] satisfying

f0(X) f0(1/(X + 1) − 1) = ĝ(X)1−γ̃0 (8·45)

with a ĝ(X) in 1 + XZp[[X ]].
(ii) It is in Zp[[X ]] and can be written in the form g(X)1−γ̃ where g(X) ∈ 1 + XZp[[X ]].

Proof. For the direction (ii)⇒(i) it is easy to see that f0(X) = g(X)1−γ̃0 is suitable and,
by the remark after Lemma 8·3, g(X)1−γ̃ satisfies the condition (8·6).

The other direction follows from Proposition 8·8 once we note that the condition (8·6)

implies that both f (X) and f0(X) are integral since if we substitute any number in the form
(ζpn − 1) into them we get numbers with norm 1 in some extension (by the remark after
Lemma 8·3), so they are integral. Now if f (X) (or similarly f0(X)) was not integral then
we take the first index i such that the i th coefficient has the least (negative) p-valuation and
get that f (ζpn − 1) would not be integral for n such that pn − pn−1 (the valuation of p in
Zp[ζpn ]) is greater than i .

THEOREM 8·10. Under the Hypotheses 1 and 2 and the second case of Proposition 8·2,
Y (E/F∞) is a finite index submodule of

�(G)/�(G)(γ̃ − 1) (8·46)
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as a �(G)-module, which means that they represent the same element in the Grothendieck
group K0(MH (G)). The characteristic elements of Y (E/F∞) and X (E/F∞) are Y = γ̃ −1
and Y pμE/K , respectively, considered as elements of K1(�(G)S∗).

Proof. Since f (X) is integral we can extend the action of G to the whole Zp[[X ]] as
γ̃ f1(X) = (γ̃ f1(X)γ̃ −1) f (X). We would like to use Corollary 8·9. The action of G extends
to an action of G0, and by the second remark after Theorem 6·2 we get a homomorphism
from X (E/F∞) to a1

�(G0)
(X (E/F∞)#) with finite kernel and cokernel. This means that there

is a morphism

�(G0)/�(G0)(γ̃0 − f0(X)) −→ �(G0)/�(G0)
(
γ̃ −1

0 − f0(1/(X + 1) − 1)
)

(8·47)

with finite kernel and cokernel. Therefore there is an element ĝ0(X) in

�(G0)/�(G0)
(
γ̃ −1

0 − f0(1/(X + 1) − 1)
)

(8·48)

such that γ̃0 multiplies it to its f0(X)-times. Indeed, ĝ0(X) is the image of 1 under the map
(8·47). Moreover, since the cokernel of this morphism is finite, ĝ0(X) must be an invertible
power series when identifying

�(G0)/�(G0)
(
γ̃ −1

0 − f0(1/(X + 1) − 1)
)

(8·49)

with Zp[[X ]] as a �(H)-module (there are no finite index principal ideals in Zp[[X ]] other
than Zp[[X ]] itself). This means that

f0(X)ĝ0(X) = (
γ̃0ĝ0(X)γ̃ −1

0

) · (γ̃01) and (8·50)

γ̃ −1
0 1 = f (1/(X + 1) − 1). (8·51)

Applying γ̃0 on (8·51) we get

1 = γ̃0 f (1/(X + 1) − 1)γ̃ −1
0 · (γ̃01) (8·52)

γ̃01 = γ̃0 f (1/(X + 1) − 1)−1γ̃ −1
0 (8·53)

and substituting (8·53) into (8·50) we have

ĝ(X)1−γ̃0 = f0(X) f0(1/(X + 1) − 1) with (8·54)

ĝ(X) = ĝ0(X)−1 f0(1/(X + 1) − 1).

Lemma 8·3 implies the equation for the formal power series f (X), therefore the assumption
(i) in Corollary 8·9 is satisfied, ie. so is (ii). Now if we apply the automorphism of the
�(H)-module Zp[[X ]] which sends 1 to g(X) we get that Y (E/F∞) is pseudo-isomorphic
to the module Zp[[X ]] on which γ̃ acts by conjugation. This module is clearly isomorphic to
�(G)/�(G)(γ̃ − 1).

We can also determine the characteristic element of Y (E/F∞) as a �(G0)-module.

COROLLARY 8·11. Under the Hypotheses 1 and 2 and the second case of Proposition
8·2, Y (E/F∞) is a finite index submodule of

�(G0)/�(G0)(γ̃0 − α) (8·55)

as a �(G0)-module, where γ̃0 is a lift of the topological generator γ0 of �0 to G0 such that
γ̃ = γ̃

p−1
0 and α is −1 if the Zp-corank of the p∞-Selmer group over Q is 0 and +1 if this

rank is 1. So they represent the same element in the Grothendieck group K0(MH0(G0)). The
characteristic element of Y (E/F∞) is γ̃0 − α considered as an element of K1(�(G0)S∗).
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Proof. Note that the topological generator γ̃0 of G0 commute with γ̃ , so this element can
only act by multiplying by a constant on the power series identically 1 in Zp[[X ]] = �(H)

because the image is fixed by the action of γ̃ and this element fixes only the constant power
series in this module. This constant α is forced to be of order dividing p −1, since γ̃

p−1
0 acts

trivially. Moreover, the restriction map

H0(Gal(Q(μp,
pn√

m)cyc/Q( pn√
m)cyc), Y (E/Q(μp,

pn√
m))) −→ Y (E/Q( pn√

m)) (8·56)

has finite kernel and cokernel [3, 17], so it can be easily seen that for any intermediate field
Q � k � Q(μp) the characteristic power series for Y (E/k( pn√m)cyc) is

T εk

n−1∏
j=0

((T + 1)p j − 1), (8·57)

where εk = 1 if the order of α divides the degree of k over Q and εk = 0 otherwise.
On the other hand εk equals the rank of the p∞-Selmer group over the field k. Since the
parity conjecture is known in this case [20], εk ≡ rE/k modulo 2. Now the root number
for any elliptic curve with good reduction at p is the same over Q(μp) and over the unique
quadratic field contained in it [10], so the p∞-Selmer rank over this quadratic field must be
1, too, which means that α has order at most 2.

Remark 8·1. It can be seen from the proof of the above corollary that in fact the �(G)-
structure of a module M determines the �(G0) structure up to a constant in Z×

p of finite
order whenever the module M is free of rank 1 over �(H).

The functional equation. We obtain the following functional equation for the character-
istic element of X (E/F∞), as conjectured in [3], by applying the automorphism # (see
Section 3·2 for the definition) and noting that α = ±1.

(pμE/K (γ̃0 − α))# = −γ̃ −1
0 pμE/K (γ̃0 − α)α−1. (8·58)

The sign of the functional equation is negative if and only if α is +1, or in other words the
analytic rank of E over Q is odd. So the sign in this functional equation is equal to the sign in
the functional equation of the complex L-function of E over Q, since the parity conjecture
is known in this case [20].

Example. It is not easy to verify that X (E/K cyc) is a free Zp-module of rank 1. How-
ever, C. Wuthrich has shown that the elliptic curve 79A1 of Cremona’s tables given by the
equation

y2 + xy + y = x3 + x2 − 2x (8·59)

satisfies the conditions of the second case of Proposition 8·2 with m = q = 79 and p = 3.
Moreover, in this case P = (0, 0) ∈ Q2 is the generator of E(K cyc), so X (E/Qcyc) is also a
free Z3-module of rank 1. This means that in this case the characteristic element of the dual
Selmer group X (E/F∞) as a �(G0)-module is γ̃0−1 viewed as an element of K1(�(G0)S∗).

8·2. The non-classical case

In this section we assume the first case of Proposition 8·2. Then we have that gE/Fn �
pn − 1 � rE/Fn . Moreover, the characteristic power series for Y (E/Fcyc

n ) is T pn−1 for all
n � 1 [3]. If, in addition, E has a prime conductor, Darmon and Tian [8] have some results in
this direction, too. As in the previous section we can identify Y (E/F∞) with a finite index
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submodule of �(H) � Zp[[X ]] as a �(H)-module. So we can define f (X) similarly, ie.
f (X) = p−l γ̃ pl if pl ∈ Y (E/F∞) � Zp[[X ]].

LEMMA 8·12. Under the Hypotheses 1 and 2 and the first case of Proposition 8·2, the
following functional equation holds:

pn−1−1∏
j=0

f
(
ζ

1+ j p
pn − 1

) = 1, (8·60)

where ζpn is an arbitrary primitive pnth root of unity (n � 1 integer). In particular f (ζp −
1) = 1, but f (0) is not necessarily 1, we only know that f (0) ≡ 1(mod p).

Proof. As in the previous section we know that

pn−1−1∏
j=0

f
(
ζ

1+ j p
pn − 1

)
(8·61)

is an eigenvalue of γ̃ pn−1 |Y (E/F∞)Hn ⊗Qp and that γ̃ pn−1
has the unique eigenvalue 1 when act-

ing on Y (E/Fcyc
n ) ⊗ Qp, but the restriction homomorphism from Y (E/F∞)Hn to Y (E/Fcyc

n )

does have a kernel of rank 1 over Zp. So the multiplicity of the eigenvalue 1 of
γ̃ pn−1 |Y (E/F∞)Hn ⊗Qp is at least pn − 1. On the other hand, the numbers

pn−1−1∏
j=0

f (ζ 1+ j p − 1) (8·62)

are eigenvalues of γ̃ pn−1 |Y (E/F∞)Hn ⊗Qp for any ζ not necessarily primitive pn-th root of unity
as shown in the proof of Lemma 8·3. So at least all but one of these numbers are 1 and if
this expression is 1 for some primitive pk th root of unity then it is also 1 for all the other
primitive pk th roots of unity (1 � k � n). So the exception can only be the first root of unity
1 and the result follows.

PROPOSITION 8·13. If f (X) ∈ p−lZp[[X ]] is a formal power series in the form

f (X) =
p−2∏
i=0

γ̃ i
0 f0(X)γ̃ −i

0 (8·63)

for some f0(X) ∈ p−lZp[[X ]] satisfying f (0) = χ(γ̃ ) and

f0(X) f0(1/(X + 1) − 1) = ĝ(X)1−γ̃0

(
(X + 1)χ(γ̃0) − 1

X

)2

(8·64)

with a ĝ(X) in 1 + XZp[[X ]] then the following are equivalent:
(i) it satisfies the condition (8·60);

(ii) it is in Zp[[X ]] and can be written in the form

f (X) = g(X)1−γ̃ (1 + X)χ(γ̃ ) − 1

X
, (8·65)

where g(X) ∈ 1 + XZp[[X ]].
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Proof. It is easy to check that

NQp(ζpn )/Qp(ζp)

(
ζ

χ(γ̃ )
pn − 1

ζpn − 1

)
= NQp(ζpn )/Qp(ζp)

(
ζ

χ(γ̃ )
pn − 1

)
NQp(ζpn )/Qp(ζp)(ζpn − 1)

= 1, (8·66)

hence a function in the form

g(X)1−γ̃ (1 + X)χ(γ̃ ) − 1

X
(8·67)

satisfies the condition (8·60). Moreover, (1+X)χ(γ̃ )−1
X |X=0 = χ(γ̃ ) = f (0), so

f (X)

(
(1 + X)χ(γ̃ ) − 1

X

∣∣∣∣
X=0

)−1

(8·68)

satisfies the condition (i) in Corollary 8·9 because

(1 + X)χ(γ̃ ) − 1

X
=

p−2∏
i=0

γ̃ i
0

(X + 1)χ(γ0) − 1

X
γ̃ −i

0 and (8·69)

(1 + X)χ(γ̃ ) − 1

X

1/(1 + X)χ(γ̃ ) − 1

1/(X + 1) − 1
=

(
(X + 1)χ(γ̃0) − 1

X

)2

(X + 1)1−γ̃0,

hence it can be expressed in the form g(X)1−γ̃ .

One gets the following Theorem in the same way as Theorem 8·10.

THEOREM 8·14. Under the Hypotheses 1 and 2 and the first case of Proposition 8·2
Y (E/F∞) is a finite index submodule of

�(G)/�(G)

(
γ̃ − (1 + X)χ(γ̃ ) − 1

X

)
(8·70)

as a �(G)-module, which means that they represent the same element in the Grothendieck
group K0(MH (G)). The characteristic elements of Y (E/F∞) and X (E/F∞) are

Y + 1 − (1 + X)χ(γ̃ ) − 1

X
= γ̃ − (1 + X)χ(γ̃ ) − 1

X
and (8·71)

pμE/K

(
Y + 1 − (1 + X)χ(γ̃ ) − 1

X

)
= pμE/K

(
γ̃ − (1 + X)χ(γ̃ ) − 1

X

)
, (8·72)

respectively, considered as elements of K1(�(G)S∗).

Proof. We would like to apply Proposition 8·13. Condition (8·64) follows from the exist-
ence of the map

X (E/F∞)
ϕ−→ a1

�(G)(X (E/F∞)#) (8·73)

with trivial kernel, and cokernel killed by X 2 (we use Theorem 6·2 and the fact there is
only one prime in P1 and P2 is empty, and the local Tate module is killed by X 2 for this
split multiplicative prime). So we only have to show that f (0) = χ(γ̃ ) in this case. Since
now we have a prime of split multiplicative reduction for E ramifying infinitely in this false
Tate curve extension, it follows from the proof of Proposition 6·1 that the kernel of the
corestriction homomorphism

Y (E/F∞)H −→ Y (E/K cyc) (8·74)
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is the Pontryagin dual of Qp/Zp(−1) up to a finite module, so its characteristic element is
T + 1 − χ(γ ) where χ is the cyclotomic character. Furthermore, as we saw in the proof of
Lemma 8·3, f (0) is an eigenvalue of γ̃ |Y (E/F∞)H , so f (0) = χ(γ̃ ).

Proposition 8·4 remains unchanged in this case. However, its corollary is a bit different
from the one in Section 8·1 because in this case X (E/K cyc) has rank zero. By applying the
Artin-formalism for Akashi-series we get the following analogue of Corollary 8·5.

COROLLARY 8·15. Under the Hypotheses 1 and 2 and the first case of Proposition 8·2,
the characteristic element of the �-module X (E/Q(μp,

pn√m)cyc) is

p pnμE/K

n−1∏
j=0

((T + 1)p j − 1)p−1. (8·75)

In particular if gE/Fn = rE/Fn then gE/Q(μp,
pn√

m) = rE/Q(μp,
pn√

m) = (p − 1)n, the order of
vanishing of the above formula at T = 0.

Remark. A similar computation shows that assuming the standing hypotheses for this
curve the characteristic element of Y (E/Q( pn√m)cyc) is

n−1∏
j=0

((T + 1)p j − 1). (8·76)

As in the previous section if one looks at the possible actions of the elements of order
p − 1 of G0 on Y (E/F∞), one gets the following corollary.

COROLLARY 8·16. Under the Hypotheses 1 and 2 and the first case of Proposition 8·2,
Y (E/F∞) is a finite index submodule of

�(GQ)
/

�(GQ)

(
γ̃0 − (X + 1)χ(γ0) − 1

X

)
(8·77)

as a �(GQ)-module, where γ̃0 is a lift of the topological generator γ0 of �0 to GQ, and χ

is the cyclotomic character. So they represent the same element in the Grothendieck group
K0(MHQ

(GQ)). The characteristic element of Y (E/F∞) is

γ̃0 − (X + 1)χ(γ0) − 1

X
(8·78)

considered as an element of K1(�(GQ)S∗
Q
).

Proof. By comparing the action of γ̃
p−1

0 and γ̃ it is easy to see that the characteristic
element is in the form

γ̃0 − α
(X + 1)χ(γ0) − 1

X
, (8·79)

where α is an element of finite order in Z×
p . The constant α can also be determined in the

following way. It is easy to see that if Q � k � Q(μp) is any intermediate field then the
homology group

H0(Gal(F∞/kcyc), X (E/F∞)) (8·80)

has rank 1 over Zp if the order of αχ(γ0) modulo p divides the degree of k over Q, and rank
0 otherwise. On the other hand, the short exact sequence

0 −→ μp∞ −→ E[p∞] −→ Qp/Zp −→ 0 (8·81)
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and a little Kummer theory shows [3] that the restriction map from the above homology
group to the cyclotomic Selmer group X (E/kcyc) has infinite kernel if and only if the group
μp∞ is contained in the multiplicative group of the localized field kcyc

w at a prime w above q
in kcyc, where q is the unique prime dividing m in P2. So αχ(γ0) and q have the same order
modulo p, since X (E/kcyc) has rank 0. Now q is a primitive root modulo p, since it is inert
in Q(μp). This means α can always be chosen 1.

The functional equation. As in the previous section we can deduce some sort of func-
tional equation for the characteristic element of the dual Selmer group X (E/F∞). The
only difference is that the characteristic element in this case is not fixed by the auto-
morphism # modulo the image of K1(�(G)) which means that the modules X (E/F∞) and
Ext1

�(G)(X (E/F∞)#, �(G)) do not represent the same element in the Grothendieck group
K0(MH (G)). However, they are still pseudo-isomorphic and the characteristic elements are
conjugates under the action of (�(H)R)×. The functional equation is the following

pμE/K

(
γ̃0 − (X + 1)χ(γ0) − 1

X

)#

= − X

(X + 1)χ(γ0) − 1

(
X + 1

X 2
pμE/K

(
γ̃0 − (X + 1)χ(γ0) − 1

X

)
X 2

X + 1

)
γ̃ −1

0 . (8·82)

This means that the sign is negative as in the functional equation for the complex L-function
of curve the curve twisted by the representations ρn , ie. by all but finitely many self-dual
irreducible Artin representations of the false Tate curve extension.

Proof of Equation (8·82). The right-hand side of (8·82) equals

−pμE/K

(
X

(X + 1)χ(γ0) − 1

X + 1

X 2
γ̃0

X 2

X + 1
γ̃ −1

0 − γ̃ −1
0

)

= pμE/K

(
γ̃ −1

0 − X

(X + 1)χ(γ0) − 1

X + 1

X 2

(
γ̃0

X 2

X + 1
γ̃ −1

0

))

= pμE/K

(
γ̃ −1

0 − X

(X + 1)χ(γ0) − 1

X + 1

X 2

(
(X + 1)χ(γ0) − 1

)2

(X + 1)χ(γ0)

)

= pμE/K

(
γ̃ −1

0 − (X + 1)χ(γ0) − 1

X

X + 1

(X + 1)χ(γ0)

)

= pμE/K

⎛
⎜⎜⎝γ̃ −1

0 −
1

(X + 1)χ(γ0)
− 1

1

X + 1
− 1

⎞
⎟⎟⎠

= pμE/K

(
γ̃0 − (X + 1)χ(γ0) − 1

X

)#

. (8·83)

This above form of the functional equation of the characteristic element is what we get
from Section 5. However, we can formulate another form of the functional equation in terms
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of Section 6 which is more useful for the analytic connections.

pμE/K

(
γ̃0 − (X + 1)χ(γ0) − 1

X

)#

(8·84)

pμE/K

(
γ̃0 − (X + 1)χ(γ0) − 1

X

) Frob−1
q − (X + 1)−q − 1

1
X+1 − 1

Frobq − (X + 1)q − 1

X

.

Indeed, we may choose γ̃0 to be Frobq because q is inert in the field K (hence so is in K cyc),
and ramifies totally in F∞/K cyc, so its decomposition subgroup is the whole Galois group
Gal(F∞/Q) = G0. Moreover, χ(Frobq) = q.

We end this section by giving some numerical examples illustrating our results.

Example. Take the elliptic curve E = 17A1 given by the equation

y2 + xy + y = x3 − x2 − x − 14. (8·85)

This has good ordinary reduction at the prime p = 7 and the calculations in [11] show that
it satisfies the conditions in the first case of Proposition 8·2 with m = q = 17. Since 17 is
a primitive root modulo 7, in Corollary 8·16 α equals 1. This means that the characteristic
element of the dual Selmer group X (E/F∞) of this curve is

γ̃0 − (X + 1)χ(γ0) − 1

X
(8·86)

as an element of K1(�(G0)S∗), since the μ-invariant vanishes.

9. On Vogel’s counterexample

Coates, Schneider and Sujatha proved [6] that for any finitely generated torsion �(G)-
module M there exist reflexive left ideals of �(G) and a �(G)-injection

r⊕
i=1

�(G)/Li −→ M/M0 (9·1)

with pseudo-null cokernel, where M0 is the maximal pseudo-null submodule of M . They
asked whether the reflexive left ideals can always be chosen principal. In the appendix of
[23] there is an example of a nonprincipal reflexive left ideal of �(G). That ideal was

L = �(G)

(
Q(G)

(
Y + 1 − (X + 1)1+p − 1 − p

X − p

)
� �(G)

)
, (9·2)

where Q(G) denotes the formal skew power series ring (with the same ring-automorphism
and derivation as in �(G)) over the field of fractions of �(H). It is shown in the Appendix
of [23] that L contains a (skew) polynomial of degree 2 in the variable Y . So �(G)/L is
generated by the elements (1 + L) and (Y + 1 + L) over �(H). Moreover, the relation

(X − p)(Y + 1 + L) = ((X + 1)1+p − 1 − p)(1 + L) (9·3)

is satisfied, therefore the map

ψ : �(G)/L −→ Zp[[X ]]
Y + 1 + L �−→ (X + 1)1+p − 1 − p (9·4)

1 + L �−→ X − p
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is an injective �(H)-homomorphism with a cokernel of order p. It is easy to see that (X − p)

divides ((X + 1)1+p − (1 + p)1+p) in Zp[[X ]], so

ψ

(
(X + 1)1+p − (1 + p)1+p

X − p
(1 + L) − (Y + 1 + L)

)
= 1 + p − (1 + p)1+p. (9·5)

Further,

(Y + 1)

(
(X + 1)1+p − (1 + p)1+p

X − p
− Y − 1

)
+ Y + 1 − (X + 1)1+p − (1 + p)1+p

X − p

= −
(

Y + 1 − (X + 1)1+p − (1 + p)1+p

(X + 1)1+p − 1 − p

)(
Y + 1 − (X + 1)1+p − 1 − p

X − p

)
∈ L , (9·6)

which means that if we push out the action of �(G) to Zp[[X ]] via the map ψ then

(Y + 1)(1 + p − (1 + p)1+p) = 1 + p − (1 + p)1+p, (9·7)

which means Zp[[X ]] with this action is isomorphic to the module �(G)/Y . So there exists
an injective �(G)-homomorphism with finite cokernel between �(G)/L and �(G)/Y and
the characteristic element of �(G)/L is Y viewed as an element of K1(�(G)S∗).

This means that there is still a hope that all �(G)-modules are pseudo-isomorphic to the
direct sum of quotients of �(G) by principal ideals.
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