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1 Notation and preliminaries
For the Galois group Gal(L/k) of a Galois extension L of the number field k and a prime

v of k we write Gal(L/k)v for the decomposition subgroup of v. Let G be any p-adic Lie
group without elements of order p and with a closed normal subgroup H C G such that
Γ := G/H ∼= Zp. We are going to need the special case when G is a finite index subgroup of
Gal(Q(E[p∞])/Q) and also in the case when G ∼= Zp. The former embeds into GL2(Zp) once
we choose a Zp-basis of Tp(E). We denote by Λ(G) the Iwasawa Zp-algebra of G and by Ω(G)
its Fp-version.

Let S be the set of all f in Λ(G) such that Λ(G)/Λ(G)f is a finitely generated Λ(H)-module
and

S∗ =
⋃
n≥0

pnS.

These are multiplicatively closed (left and right) Ore sets of Λ(G) [2], so we can define Λ(G)S,
Λ(G)S∗ as the localizations of Λ(G) at S and S∗. We write MH(G) for the category of all
finitely generated Λ(G)-modules, which are S∗-torsion. A finitely generated left module M
is in MH(G) if and only if M/M(p) is finitely generated over Λ(H) [2]. It is conjectured
that X(E/F∞) always lies in this category provided that E has good ordinary reduction at
p. We write K0(MH(G)) for the Grothendieck group of the category MH(G). Similarly, let
M(G, p) denote the category of p-power-torsion finitely generated Λ(G)-modules and NH(G)
the category of Λ(G)-modules that are finitely generated over Λ(H).

Lemma 1.1. Assume in addition that G is a pro-p group. Then we have K0(MH(G)) =
K0(M(G, p))⊕K0(NH(G)).

Proof. By definition any module in MH(G) is an extension of a module in M(G, p) and a
module in NH(G). Hence we have K0(MH(G)) = K0(M(G, p)) + K0(NH(G)). Let M and N
be Λ(G)-modules as above. Now we claim that the map [M ] 7→ [M(p)] is well defined and
extends to a homomorphism K0(MH(G))→ K0(M(G, p)). For this let

0→ A→ B → C → 0

be a short exact sequence in MH(G). Then we have µ(B) = µ(A)+µ(C) for their µ-invariants
(as Λ(G)-modules) since p-power-torsion Λ(G)-modules that are finitely generated over Λ(H)
(ie. modules in M(G, p)∩NH(G)) clearly have trivial µ-invariant. Here the µ-invariant µ(M)
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of a finitely generated Λ(G)-module is defined by
∑∞

j=0 rkΩ(G)(p
jM(p)/pj+1M(p)). Hence we

have [B(p)] = [A(p)] + [C(p)] in K0(M(G, p)) by the main theorem of [1] applied to pro-p
groups. The statement follows using again that modules in NH(G) have trivial µ-invariant
hence the homomorphism constructed is zero on K0(NH(G)).

Further, if M is a left Λ(G)-module, then by M# we denote the right module defined on
the same underlying set with the action of Λ(G) via the anti-involution # = (·)−1 on G, i.
e. for an m element in M and g in G, and the right action is defined by mg := g−1m. By
extending the right multiplication linearly to the whole Iwasawa algebra we get mx = x#m.

2 Central torsion Iwasawa-modules
In this section we are going to assume that G′ = H ′×Z is a compact pro-p p-adic Lie-group

without elements of order p such that the centre Z(G′) is Z ∼= Zp. So the above machinery
applies to G := G′ and H := H ′.

Lemma 2.1. Let M be a finitely generated central torsion Λ(G)-module without p-torsion.
Then M represents the trivial element in the K0(MH′(G

′)) if and only if it is Λ(H ′)-torsion.

Proof. One direction follows from the existence of a homomorphism

K0(MH′(G
′))→ Z

sending modules to their Λ(H ′)-rank. For the other direction assume that M is both Λ(H ′)-
and Λ(Z)-torsion and choose (by the Weierstraß preparation theorem noting that M has no
p-torsion) a distinguished polynomial f(T ) in Zp[T ] ⊂ Zp[[T ]] ∼= Λ(Z) annihilating M . We
may assume without loss of generality that f is irreducible. Now we can take a projective
resolution of M as a Λ(G′)/(f)-module. Moreover, since Λ(G′)/(f) is a regular local ring we
have K0(Λ(G′)/(f)) is isomorphic to Z. On the other hand, the ring Λ(G′)/(f) is free of rank
deg(f) over Λ(H ′) and so M has trivial class in K0(Λ(G′)/(f)) as its rank is rkΛ(G′)/(f)(M) =
rkΛ(H)(M)/ deg(f) = 0. Since any finitely generated Λ(G′)/(f)-module lies in MH′(G

′) the
statement follows.

Lemma 2.2. LetM be a Λ(Z)-torsion module in the categoryMH′(G
′). Then Ext1

Λ(G)(M
#,Λ(G))

is also Λ(Z)-torsion.

Proof. By the long exact sequence of Ext(·,Λ(G)) we may assume without loss of generality
that M is killed by a prime element f in the commutative algebra Zp[[T ]] ∼= Λ(Z), ie. f
is either a distinguished polynomial or f = p. Since M# is then killed by f# and finitely
generated over Λ(G), it admits a surjective Λ(G)-homomorphism from a finite free module
over Λ(G)/(f#). So again by the long exact sequence of Ext(·,Λ(G)) it suffices to show the
statement for M# = Λ(G)/(f#). However, we have Ext1

Λ(G)(Λ(G)/(f#),Λ(G)) ∼= Λ(G)/(f#)
therefore the statement.

Lemma 2.3. Taking H ′-coinvariants induces a homomorphism on the K0-groups

H∗(H
′, ·) : K0(MH′(G

′)) → K0(M1(Z))

M 7→
dimH′+1∑

i=0

(−1)i[Hi(H
′,M)]
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where K0(M1(Z)) denotes the category of finitely torsion Λ(Z)-modules.

Proof. First of all note that since we have Z ∼= Zp, a finitely generated Λ(Z)-module N
belongs to M1(Z) if and only if it has finite Zp-rank or, equivalently, if N/N(p) is finitely
generated over Zp. On the other hand, if M lies in MH′(G

′) then Hi(H
′,M(p)) is killed by

a power of p and Hi(H
′,M/M(p)) is finitely generated over Zp. In particular both are Λ(Z)-

torsion. The statement follows from the long exact sequence of H ′-homology noting that H ′
has p-cohomological dimension ≤ dimH ′ + 1.

3 Selmer groups that are not central torsion
In this section E will be an elliptic curve defined over Q without complex multiplication

and with good ordinary reduction at the prime p ≥ 5. We put G := Gal(Q(E[p∞])/Q) and
H := Ker((·)p−1 ◦det |G≤AutZp (Tp(E))). Therefore G/H is isomorphic to a finite index subgroup
of 1 + pZp ∼= Zp so that the machinery of section 1 applies. Moreover, G′ ≤ G will be an open
subgroup with the properties in section 2. For instance, we could take G′ := 1 + prM2(Zp)
(under an identification of G with an open subgroup of GL2(Zp)) for some integer r large
enough to assure G′ ≤ G.

Proposition 3.1. Let E be an elliptic curve defined over Q without complex multiplication
and with good ordinary reduction at the prime p. Moreover, assume that the j-invariant of E
is non-integral and the dual Selmer X(E/F∞) is in the category MH(G). Then X(E/F∞) is
not annihilated by any element of Λ(Z).

Proof. We prove by contradiction and assume that X(E/F∞) is Λ(Z)-torsion. We proceed in
3 steps.

Step 1. By Lemma 2.2 Ext1(X(E/F∞)#,Λ(G)) is also Λ(Z)-torsion. On the other hand,
Theorem 5.2 in [3] provides us with Λ(G)-homomorphism

ϕ : X(E/F∞)→ Ext1(X(E/F∞)#,Λ(G))

such that Ker(ϕ) is finitely generated over Zp (so it represents the trivial element in MH(G))
and Coker(ϕ) represents the same element in MH(G) as⊕

vq(jE)<0

Λ(G)⊗Λ(Gq) Tp(E)v =:
⊕

vq(jE)<0

Mq . (1)

Since the module in (1) has no p-torsion, we deduce that Coker(ϕ)(p) has trivial class
in K0(MH′(G

′)) by Lemma 1.1 for any pro-p open subgroup H ′ × Z = G′ ≤ G with Z =
Z(G′) ∼= Zp. We are going to fix such a pro-p open subgroup G′ later on depending on the
ramification properties of Q(E[p∞]) at the potentially multiplicative primes q. We are going
to show that (1) is on one hand Λ(H ′)-torsion, on the other hand, it does not have a trivial
class in K0(MH′(G

′)). This will contradict to Lemma 2.1.
Step 2. In order to show that the class of (1) is nonzero in K0(MH′(G

′)), we apply the
homomorphism H∗(H

′, ·) defined in Lemma 2.3 and show that its image

[H∗(H
′,
⊕

vq(jE)<0

Mq)] =
∑

vq(jE)<0

4∑
i=0

(−1)i[Hi(H
′,Mq)] (2)
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is nonzero, but has rank 0 over Zp. The latter implies that (1) is Λ(H ′)-torsion.
To compute the Λ(Z)-characteristic ideal of the right hand side of (2) we have the following

Lemma 3.2. For any finitely generated Λ(Gq)-module N there is an isomorphism

Hi(H
′,Λ(G)⊗Λ(Gq) N) ∼= Λ(G/H ′)⊗Λ(Gq/(H′∩Gq)) Hi(H

′ ∩Gq, N) (3)

of Λ(G/H ′)-modules.

Proof. The commutative diagram

Gq −−−→ Gy y
Gq/(H

′ ∩Gq) −−−→ G/H ′

induces two spectral sequences

E2
p,q(N) = TorΛ(G)

p (Λ(G/H ′),TorΛ(Gq)
q (Λ(G), N))

E2
p,q(N) = TorΛ(Gq/(H′∩Gq))

p (Λ(G/H ′),TorΛ(Gq)
q (Λ(Gq/(H

′ ∩Gq)), N))

both computing Tor
Λ(Gq)
p+q (Λ(G/H ′), N). The result follows noting that Λ(G) (respectively

Λ(G/H ′)) is flat over Λ(Gq) (respectively over Λ(Gq/(H
′ ∩Gq))).

Step 3. By Lemma 3.2 we are reduced to computing the local homology groups Hi(H
′ ∩

Gq, Tp(E)v). By the theory of the Tate curve there exists a finite extension of Qq(µp) ≤ Fq
contained in Qq(E[p∞]) over which E achieves split multiplicative reduction and E[p∞] is
isomorphic to (µp∞×tZ/p

∞
)/tZ as a Gal(Qq/Fq)-module for some element t ∈ F×q with |t|q < 1.

Hence the image Gq,0 of the subgroup Gal(Qp/Fq) ≤ Gal(Qp/Qp) in Gq has the following
properties:

(i) Gq,0
∼= Hq,0 oΓq,0 with Hq,0

∼= Γq,0 ∼= Zp such that the conjugation action of Γq,0 on Hq,0

is given by the cyclotomic character χq,cyc;

(ii) Γq,0 ∩H ′ = {1};

(iii) there exists a Zp-basis of Tp(E) inducing an inclusion Gq ≤ G ≤ GL2(Zp) such that

Hq,0 ≤ Hq,1 :=

(
1 Zp
0 1

)
≤ G ≤ GL2(Zp).

Therefore the local Hq,1 oΓq,0-module Tp(E)v = HomZp(Tp(E),Zp) ∼= Tp(E)(−1) fits into the
exact sequence

0→ XZp[[X]]→ X−1Zp[[X]]→ Tp(E)v → 0

where we identified Zp[[X]] with Λ(Hq,1). Since Hq,0 has finite index in Hq,1 the above is a
projective resolution of Tp(E)v as a Λ(Hq,0)-module. Hence we may compute explicitely its
Hq,0-homology as a Γq,0-module to obtain isomorphisms

H0(Hq,0, Tp(E)v)/H0(Hq,0, Tp(E)v)(p) ∼= Zp(−1) ; (4)
H1(Hq,0, Tp(E)v)/H1(Hq,0, Tp(E)v)(p) ∼= Zp(1) ; (5)
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and Hi(Hq,0, Tp(E)v) = 0 for i > 1.
Moreover, we may choose the open subgroupG′ = H ′×Z ≤ G sufficiently small (depending

on all the prime numbers q at which E has potentially multiplicative reduction) so that (by
possibly further increasing Fq for some q) we have Gq,0 = G′ ∩ Gq, Hq,0 = H ′ ∩ Gq and the
composite map Γq,0 ↪→ Gq,0 ↪→ G′ � Z = G′/H ′ is an isomorphism for all prime numbers q
in question. Further, by the local and global Weil pairings, the local, resp. global cyclotomic
characters χq,cyc and χcyc both factor through the determinant map on GL2(Zp) and therefore
are independent of the choice of a Zp-basis of Tp(E)v. In particular, the above isomorphism
fits into the commutative diagram

Γq,0
∼−−−→ Z

χq,cyc

y yχcyc

Z×p
=−−−→ Z×p

.

We deduce that the isomorphisms (4) and (5) also hold as Λ(Z)-modules. Using Lemma 3.2
with N = Tp(E)v the right hand side of (2) equals∑

vq(jE)<0

|G : GqH
′| ([Zp(−1)]− [Zp(1)]) (6)

in K0(M1(Z)). Indeed, since Z lies in the centre of G we have the isomorphism

Λ(G/H ′)⊗Λ(Gq/(H′∩Gq)) Hi(H
′ ∩Gq, Tp(E)v) ∼=

|G:GqH′|⊕
j=1

Hi(H
′ ∩Gq, Tp(E)v)

of Λ(Z)-modules for i = 0, 1.
Since both Zp(−1) and Zp(1) have rank 1 over Zp we immediately see that (1) is Λ(H ′)-

torsion. On the other hand, the characteristic ideal of Zp(−1) is (z − χcyc(z
−1)) C Λ(Z)

that is clearly different from the characteristic ideal (z − χcyc(z)) of Zp(1) where z denotes
a topological generator of the group Z. So the characteristic power series of (6) equals(
T+1−χcyc(z−1)

T+1−χcyc(z)

)∑
q |G:GqH′|

which is not a unit in Zp[[T ]] ∼= Λ(Z).

Corollary 3.3. Let E be an elliptic curve defined over Q without complex multiplication and
with good ordinary reduction at the prime p. Moreover, assume that the j-invariant of E is
non-integral, the dual Selmer X(E/F∞) has no nonzero Λ(H)-torsion submodule and has rank
1 over Λ(H). Then X(E/F∞) has no nonzero Λ(Z)-torison submodule either. In particular,
it is completely faithful.

Proof. Assume that 0 6= M ≤ X(E/F∞) is the Λ(Z)-torsion part of X(E/F∞). As X(E/F∞)
has no Λ(H)-torsion, M also has rank 1 over Λ(H). In particular, X(E/F∞)/M is Λ(H)-
torsion. Choose an arbitrary element x ∈ X(E/F∞). The we have 0 6= λ1 ∈ Λ(H) such
that λ1x ∈ M hence there is a λ2 ∈ Λ(Z) such that λ2λ1x = 0. Since λ2 lies in the centre,
we conclude that λ1(λ2x) = 0. Since X(E/F∞) has no Λ(H)-torsion, we have λ2x = 0 and
x ∈M .
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